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Preface

We are concerned with the optimal sequential control of certain
types of dynamic systems. We assume such a system is observed
periodically. After each observation the system is classified into one of a
possible number of states; after each classification one of a possible
number of decisions is implemented. The sequence of implemented
decisions interacts with the chance environment to effect the evolution
of the system. We call the mathematical abstraction of this process
a Markovian decision process; however, some authors use the term
discrete dynamic programming. Just as linear programming provides
a general framework for formulating and solving certain optimization
problems, so does the Markovian decision process provide a structure
within which optimal control of dynamic systems can be formulated
and solved.
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xii Preface

Recognizing its potential usefulness we presented a course on
Markovian decision processes in 1966 and 1968 for operations research
students of the Columbia University School of Engineering and Applied
Science. The lectures for the course have served as a basis for the
preparation of this monograph.

This book is intended for operations researchers, statisticians,
mathematicians, and engineers interested in mathematical methods for
the control of dynamic systems. It can serve as a text for a course on
dynamic programming which is intended to provide students with the
basic computational algorithms as well as to prepare thein for research
in the subject.

Prerequisites include a reasonable grounding in real analysis or
advanced calculus, a knowledge of the elementary theory of Markov
chains, and an acquaintance with the rudiments of linear programming.
An appendix on these prerequisites is provided; however, its primary
purpose is to collect those facts which are explicitly used in the text
and is not intended to serve as a source for obtaining the necessary
background for reading this book.
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Introduction

Preliminary Remarks

Markovian decision processes are stochastic processes that describe
the evolution of dynamic systems controlled by sequences of decisions
or actions. Thus, in this monograph we shall be concerned with certain
types of dynamic systems which are observed periodically, and in-
fluenced at the time of observation by the taking of one of a possible
number of different actions. The evolution of the system will be the
result of the interaction between the *“laws of motion” of the system

1



2 1 Introduction

and the sequence of actions taken over time. The different paths of the
system will have associated economic consequences; the ultimate aim
is to take those actions that control the system in an optimal manner.
Optimality will be defined relative to a stipulated criterion. :

A typical system is an invchtory system for a given product where
the inventory level is under periodic review. After each review, the action
taken is that of adding a certain amount of the product to the inventory
level. The laws of motion of the system are determined by the pattern
of demand for the product between times of review. Various costs
associated with ordering new product, holding inventory in storage,
shortages, etc. contribute to the economic consequences of the actions
taken at the various times. A criterion for optimality would ordinarily
be a function of long term costs.

Another typical system might consist of @ component or group of
components that is under periodic surveillance and subjected to periodic
maintenance or replacement of one or more components. At each
inspection the system is classified in some appropriate way and a
decision is made as to what degree of maintenance to employ. The
properties of the system together with the demands upon it determine
the laws of motion. Economic aspects involve the various costs associa-
ted with maintenance and also the attributed costs due to failure of the
system. Occasionally, failure costs may be difficult or impossible to
ascertain, in which case * system reliability ”” may be a more appropriate
yardstick with which to measure the effectiveness of a surveillanice and
maintenance procedure.

The Markovian Decision Model

To introduce the general model, let us assume that at points of
time ¢ =0, 1,... the system is observed and classified into one of a
possible number of states. Welet {Y,, t =0, 1, ...} denote the sequence
of observed states. The letter I will denote the space of possible states.
Throughout this volume, I will be a finite space.

After each observation of the system, one of a possible number of
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actions is taken. We let {4,,¢t=0,1,...} denote the sequence of
actions. K; denotes the number of actions possible when the system is
in state i. More frequently, we shall also use K; to denote the set of
possible actions when the system is in state i. No confusion should result
from the double use of the notation. Throughout, K, will be finite.

A rule or policy, to be denoted by R, is a prescription for taking

-actions at each point in time. We shall permit a policy for taking an

action at time ¢ to be a function of the entire “ history” of the system
up to time ¢. We will allow actions to be taken which are determined by
a random mechanism, the random mechanism will be a function of the
“history.” For example, whenin state i, a coin may be tossed to determine
which of two possible actions to take. However, the kind of coin used
may depend on the previous sequence of states and actions taken. In
this volume the use of policies employing randomization enables the use
of linear programming formulations of the problems of interest and
allows one to obtain optimal policies in the face of certain constraints.
Thus, a policy R is a set of functions

{‘Da(Hx—ls Yr)s aEKytg t=0, 1,}
satisfying

0=Dp,=1 and Yy D=1,
a
where H, denotes the history of the system up to time ¢; that is, H, =
{Yy,Aq,.--, Y;, 4;}. One interprets D, (H,_q, Y,) as follows: if H,_;
denotes the history of the system up to time ¢ — 1 and Y, the state of the
system at time ¢, then a random mechanism is to be used which assigns
the probability D,(H,_, Y,) of taking action a at time ¢.

We assume throughout that the laws of motion of the system can be
characterized by atime invariant set of transition probabilities. Namely,
whenever the system is in state i and action a is taken, then, regardless
of its history, g;;(a) denotes the probability of the system being in state
jatthe next instant the system is observed. An alternative way of stating
this assumption is that no matter what policy R is employed, the con-
ditional probability that Y,,, =j, given that //,_;, ¥,=1i, and 4,=a



4 1 Introduction

is equal to g;;(a). In this volume it will be assumed that the set of
numbers {¢;,(a), ae K, i eI, j e I} are known and, of course, satisfy

0<g;=<1 and Y g;=1L
J

For example, consider the laws of motion of an inventory system
under periodic review. Let Y, denote the level of inventory at time ¢ and
let 4, denote the amount ordered after observing Y,. Assume delivery
of the 4, units is instantaneous so that at the moment of ordering, the
inventory level is Y, + 4,. Suppose the sequence of demdnds {D,} for
the product during each of the periods is a sequence of independent and
identically distributed random variables. If, for simplicity, we allow
negative inventory (that is, backlogging of demand) and a denumerable
state space, then

Qij(a):P{Yt+1 :j'Ht—la Y,=l',\ A(=a}
= P{Demand =i+ a—j}.

Given a distribution P{¥Y, = i} over the initial states of the system
and a policy R, then the sequence {Y,, 4,,¢=0, 1, ...} is a stochastic
process. We call this process a Markovian decision process. The term
Markovian is employed because of the special assumptions regarding
the laws of motion. However, we point out that the process {Y,, 4,,
t=0,1,...} is not necessarily a Markov process. Since a policy R may
be such that the prescription for taking actions is dependent upon the
entire history of the process, the Markov property may not be satisfied
by {Y;, A;}.

In order to indicate the dependence of the probabilities on the policy
R, the notation Px{E} will denote the probability of an event E occurring
when policy R is used. The probability of the event E given the initial
state Y, = i and the use of the policy R will be denoted by Pr{E| Y, = i}.

We assume a certain cost structure superimposed on the Markovian
decision process. Whenever the system is in state i and action a is taken,
we assume that a known cost w,, is incurred. For most of that considered
in this volume, w,, may also denote an expected cost rather than an
actual cost. However, the important aspect of the assumption is that
this cost is a function only of the state and action taken. For example, in
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our inventory problem the cost incurred in a period is a function of the
ordering costs and the inventory level at the end of that period. The
expected value of this function taken with respect to the distribution of
demand will yield our assumed cost w;,, the expected cost associated

with inventory level i, and the action of ordering a units.
We define the random variables {W,, =0, 1,...}:

W, =w, if Y, =i, A,=a, aekK,, iel.
We can then speak of expected costs; that is,

ERWIZZZPR{Yt:i! Ar:a}wia-

Since [ and X will be finite, no question of existence of Ep W, will
arise.

Problems to Be Treated

“In terms of our model, we are now in the position to state some of
the problems of interest in this volume. In each of the problems, it will
be assumed that the initial state Y, = i is given; that is, P{Y, = i} = I.

Let

T T
SR,T(i):ER ZVVIZZ ZZPR{Yr:J: Atza}wja'
=0 t=ng a

In words, Sk (i) is the expected total cost of operating the system up to
and including the time “ horizon” ¢ = T, given that the initial state is {
and the policy used is R. The problem of interest is that of obtaining
that policy R which minimizes Sk r(i). This is the type of problem which
is commonly dealt with by the straightforward method of dynamic
programming. We discuss its solution in the next chapter.

Another problem treated is that of finding R to minimize ogx(i) =
Sg i), where 1 denotes the smallest positive value of ¢ such that
Y, =, jbeinga ““target” state at which the process is stopped. We refer
to this as an optimal first-passage problem. It should be noted that zis a
random variable so that ag(i) is the expected value of a random sum
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of random variables. For an obvious generalization, j need not refer
to a single state, but may be a class of states.

A third problem to be dealt with is that involving the discounted
cost criterion

Wr(i, @) = Eg ), o'W,
t=0

where 0 < o < | (the discount factor) is a given number. We shall be
interested in finding R to minimize Wg(i, o). i
A fourth problem arises from the expected averagé cost per unit
time criterion:
Sg, 7(0)

o) =1m T

For some policies R, the limit of the above expression may not exist.
In those cases we shall deal with the upper or lower limit, whichever
seems appropriate. We shall be interested in finding a policy R to
minimize @g(i).

Several other problems will be treated as well. We may have other
criteria to minimize or we might be interested in minimizing ¢ z(i)
subject to certain side constraints. In Chapter 7 we hope-to develop the
theory so that these problems can be dealt with; in Chapter 8 a stopping
problem is considered.

Hierarchical Classification of Policies

In each case we shall be concerned with three questions: existence,
structure, and computational procedures. With regard to each of these
it is convenient to introduce a hierarchical classification of the totality
of possible policies. We let C denote the class of all policies under con-
sideration; that is, those with possible dependency on the complete
history of the system. We let C,, denote the class of all memoryless or
Markovian type policies. That is, C,, consists of all policies R such that
D,(H,_,, Y, is a function only of Y,, ¢, and a. When Re C,, then
{Y,,t=0,1,...} is a Markov chain, not necessarily stationary. We let
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Cs denote the class of all Markovian policies which are time invariant.
That is, Cg consists of all policies R such that D (H,_;, Y;) are functions
only of Y, and a. Let D,,= D{H,_,, Y,=1i} when ReC,. Then
{Y,,t=0,1,...} is a Markov chain with stationary transition prob-
abilities

Pijzza:Diaqij(a)’ i,jel.

Finally, we let Cp, denote the subclass of Cg consisting of the determinis-
tic policies. That is, R e C, whenever D, is 0 or 1 for every iel. In
this case we can think of R as defining a single-valued transformation
from the states to the actions; that is, when R € Cp, to each state i there
corresponds an action g;, among the possible actions K;, such that R
prescribes action a; when the system is in state i. Accordingly, when
convenient and R € Cp, we shall employ the notation w;z and g;;(R) to
denote w;,, and g;;(a;).

Since the class C of all policies is infinite, the question of existence
of an optimal policy will be important for each problem considered. In
all problems dealt with here, we shall want to assert that not only does an
optimal policy exist but that one is also a member of Cy,, Cy, or Cp,. In
other words, we shall want to say something about the structure of at
least one of the optimal policies. In certain special cases, perhaps, more
can be said about structure. When the structure is such that an optimal
policy is a member of C,,, Cy, or Cp,then frequently, a computational
procedure can be obtained for its determination.

Bibliographical Remarks

The title of this book might well have been called “ Dynamic Pro-
gramming,” or better, * Discrete Dynamic Programming” as used by
Blackwell [6]. The descriptive phrase “ Markovian Decision Process” is
due to Bellman [2], and because of the connections of the material
treated herein with Markov chains, we prefer the latter description.

The Markovian decision model in recent years has been the subject
of an increased amount of research activity. Early papers, in a special
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context by Bellman and LaSalle [4], Bellman and Blackwell [5], and
later, more generally by Shapley [48] were among the first formulations
of the model in the context of two-person dynamic games. Its first
explicit formulation outside the game context is given by Bellman [2].
The model has a large number of parameters and is readily adaptable
to many dynamic systems as a descriptive model. Although some of the
methods of dynamic programming such as backward induction and
method of successive approximations predate the formal conception of
dynamic programmiugand, in particular, the Markovian decision model,
it was not until computational breakthroughs by Howard [34], Manne
[46], and D’Epenoux [14], some seven years or so after Shapley’s [48]
treatment, that interest in the model increased and an awareness in its
potential usefulness developed.

In the Shapley [48] two-person stochastic games model, as in
the earlier papers by Bellman and LaSalle [4], and Bellman and Black-
well [5], the process {Y,, t =0, 1, ...} is controlled by two sets of simul-
taneous action. The “laws of motion” are in the form of numbers
{gia,b),ae K beK iel, jel}, where K;,'and K}', i € I, are sets of
possible actions for a “ player I and a “ player I1”" at state ;. That is, if
the process is in state { and player I takes action g and player II takes
action b then the probability is g, (a, b) that the next period will find the
process in state j. The costs in this model are of the form wy,, to be
interpreted as the cost to player I and the gain to player IT when the
process is in state i and player I takes action a and player II takes
action b. Thus, the process under consideration in this volume concerns
the special case where player II has only one available action at each
state.

Problems

(1) Derive the form of the laws of motion, the g;;(a)’s, for
the example of the inventory system under periodic
review when backlogging is not permitted.

Problems

@

©)

For an inventory system under periodic review for the
cases of backlogging and no backlogging, construct the
forms of the costs {w;,}.

For the inventory system under periodic review construct
a policy R that belongs to Cp; to C5 — Cp; to C — Cs.
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Finite Horizon Expeeted
Cost Minimization

Dynamic Programming

This chapter is concerned with the determination of that policy
T

R e C which minimizes Sg (i) = Ex )., W,, where the horizon T and
' i=0

initial state i are given. We will show that a backward induction method,
which is the essence of dynamic programming, provides a computational
procedure for obtaining the optimal policy. Although I is assumed to be

11



12 2 Finite Horizon Expected Cost Minimization

finite, the method of this chapter holds for countable I as long as the
costs {w;,} are such that Ep W, is well defined for all R and ¢.

Let us denote by V, (R, j, h,—;), 0 = n < T, the conditional expected
total cost of a process from time ¢t = n to time ¢t = T given the history
H,_, =h,_, Y, =] and policy R; that is,

T
ViR, j, hyey) = ER{ Y. W, | Y,=j, H,oy=h,_y|, 0=n<T.
t=n v

When n = 0, we have, since there is no history,
| Vo(R, 1) = S,r(0).
Set
V,*(i, hy—y) = inf V,(R, i, h,_y), O0=n<T.
ReC ~
Then providing Vo*(i) = min Vy(R, i), the value of Sg (i) is Vo* (i) when

ReC
an optimal policy is used. It will be seen that the minimum over all

Re C is obtained. The method of backward induction employs a

recursion formula by which V*_, can be expressed in terms of V,* for -

n=T, T—1,...,1, thereby achieving the value V,*(i). At the same
time the optimal policy is perceived.
We first prove:

LemMma 1. For every H,_,=h,_, V.*(i, h,_y) = V,*({i), n=
l,...,T,i€el; that is to say, V,*(i, h,_,) is independent of 4, _,.

Proof: Fix i. Let v*({)= inf V,(R,i, h,_;). Let ¢ >0 be given
R,hn—y
arbitrarily. Let Ry, A2_, be such that
Vn(RO ’ is hr?— 1) < U*(i) te.

Define R, as follows:

DIYH, .1, Y)) = DPAH,-,, T), t=0,...,n—1,
=DaR°(hl(1)—1’Yns-‘-? }ft)x l‘ﬁzn"”’T;
that is, R, is the same as R, for #a 0, = 'n"—'ﬂ'l,) but, fort=n,..., T,

I T3

J,r{‘ -
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R, prescribes actions as if policy R, were in effect and the history
H,_, =h_, had been observed up to time n — 1. Then, for every
Iln—l = hn—l;

V;i(RI! i’ hn—l) = I/;I(RO! i: hr?— l) é U*(l) +e.

Therefore, since & > 0 is arbitrary, V,*(, h,_,) < v*(i). On the other
hand, by definition of v*(i), we have that

V;:(R! i’ hn—l) ; U*(I')
for every R and h,_,. Hence, V,*(, h,_y) = v*(i) independent of #,_,

and the lemma is proved.

For the following theorem, we set V¥, ,(i) = 0, i e I. We prove:

THEOREM 1. If R* is defined as a policy which at time 7 takes
action a;* (a function of n) satisfying
Wiar, + 2 4@V () =minjw, + ¥ g @)V ()
J a J

for iel and n=0, ..., T, then VAR* i, H,_)=VX*i),n=0,1,...,
T, i el In particular, R* is optimal for minimizing Sk (i)

Proof: We will use backward induction on #. Suppose n = T. Then
for any R and hy_,
Ex{Wr|Yr =1, Hy_, = hr_1} = Z DA(hy 1, D)W,
a

= min{w;,}
& a

= min{w;, + Z qij(a)V;+ 6]
a J
= T(R*: i) hT—l) .

Since, in fact, V3(R*, i, Ar_,) is independent of hy_y, we have that it is
equal to Vp*(i). Now assume that V,(R*, i, h,_,) = V,*(i) for t = n + 1,
..., I'. We shall show that the same holds for ¢ = n. For any R and
hn—l; .
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T
Vn(Rs i’ hn—l) =¥ ER{Z WtIYn = i’ Hn~1 = hn—l}
t=n
= Z Dax(hn—h i)wia + ZZ DaR(hn—ls l)qu(a)
a Jj a

T
XER{ Z VVrlYn+1 :js Yn:ia Anza: hn—l}
t=n+1 =

o e iy f
‘ . w [ TR S

>Y DA, _,, i){wia + Z ‘]ij(a/jV:+ 1(])} ALy

2 minfo, + 3 4@V 1)

=V, R* i k). - THE
The first inequality follows from Lemma 1 and the last equation
follows from the induction assumption. The right-hand side is again
independent of A,_,. Hence, V,(R*, i, h,_,) = V,*(i), i € I. This proves

the theorem.

COROLLARY 1. V,*(i) = min{w,, +Zqi @V ()L iel,n=0,
1,...,T. }

Proof: The equ;tions follow from the fact that V,*(i)=
V.(R* i, h,_,),forieland n=0,1,..., Tand the last equality of the
proof of the theorem.

COROLLARY 2. R* is a member of Cj, .

Proof: This is apparent from the definition of R*.

The defining equations of R* of Corollary 1 are known as the func-
tional equations of dynamic programming. They provide a simple but
extremely useful recursive scheme for obtaining the optimal policy as
long as the state space I is not too large. They also express what is

e
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commonly referred to as the “principle of optimality” which asserts
that an optimal policy for minimizing Sg (i) must also minimize
Vi(R, i, h,_y) foreveryn=0,1,...,T.

Computational Example

Suppose I = {0, 1}; K; =2,i=0, | with

{Wm Woa| _ 1 0
Wi Wi, |12 2)
and

:(‘]00(1)’ 900(2))  (g01(1), ‘101(2))} _ :(%, H G %)}
(@10(1): 910(2)  (911(1), 91, 3D &)

We want to find R to minimize S (i), (i = 0, 1) for T'= 2.
First, we calculate V,*(i), (i = 0, 1):

V2*(0) = min{wy,, Woz} =0,
V2*(1) = min{w,,, Wiz} =2,

keeping in mind that ay*(2) (the optimal action taken at ¢ = 2 when in
state 0) is 2 and that a,*(2) =1 or 2. Now

V1*(0) = min(1 + $V,*(0) + 3V,*(1), 3 + $V,*(0) + 3V,*(1))
=min(l + 1,3 +3) '
= &3

Vi*(1) = min(2 + 3V,*(0) + 1V,*(1), 1 + V,%(0) + 3V,%(1))
=min2+4,1+4%)

Wi
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Here ag*(1) = 1, a,*(1) = 2. Then
Vo*(0) = min(1 + 4V, *(0) + 4V,*(0), 3 + 1V, *(0) + 3V, *(1))
=min(l + 2,3+ %}
= g
Vo*(1) = min(2 + £V, %(0) + 3V, *(1), 1 + 4V,%(0) + 4V, %(1))
=min(2+ 2,1+ %) e

IN]

9

©f

’

with ay*(0) = 1, a,*(0) = 2.

Therefore, the optimal policy with respect to minimizing Sk ,(i)
is to take actions 1, 1, and 2 when in state O at times ¢ = 0, 1, 2, respec-
tively, and to take actions 2, 2, and 1 or 2 when in state 1 at times
t=0, 1, 2, respectively.

Pathologies

When the state and action spaces are noncountably infinite, one
may encounter technical difficulties which restrict the universal validity
of the backward induction method. These difficulties arise in patho-
logical cases where not all policies possess an associated Egx W, defined
for all ¢; only those policies which satisfy certain measurability con-
ditions can be so evaluated. Thus, the use of the criterion of mathematical
expectation or, indeed, the assumption that { Y,} be a stochastic process
has the effect of imposing subtle constraints on the space of possible
policies, which in turn raises the possibility that the functional equation
approach has some flaws. In order to appreciate how constraints on
acceptable policies can invalidate the dynamic programming procedure,
even in the finite state and action case, it should be noted that the
imposition of the gross restriction that R be a member of Cj, nullifies
the fact that the optimal policy will satisfy the functional equations.

Problem 17

Bibliographical Remarks

For earlier and fuller expositions of the material of this chapter
one should refer to Bellman [3]. So intuitive is the dynamic programming
or backward induction approach, that one rarely encounters a formal
proof that the method yields an optimal policy; hence, the proof is
given here, despite the fact that for discrete state spaces and finite
actions at each state the procedure is clearly correct. The pathology
alluded to when state and action spaces are noncountable was revealed
by Blackwell [7].

Problem

(1) Suppose I ={0,1,2};K;,=2,i=0, 1, 2, where
Woi  Woz 1 0O
Wiy Wiy =12 1
Wy Wi, 1 2

and

(doo(1), 900(2))  (90:(1), 901(2))  (go(1), 902(2))
(910(1), 910(2)  (91:(1), 911(2)  (912(1), 9:,(2))
(920(1); 920(2))  (92:(1); 921(2))  (g22(1), 922(2))
&) GH G
={0,9H 1,% ©0).
%0 09 G
Find R* for T = 3.



3

Some Existence Theorems

Summary

In this chapter we shall prove the existence of optimal policies in
the class C,, for the expected discounted cost, expected average cost,
and first-passage problems. The criterion in the expected average cost
problem is at first ¢x(i) = lim sup Sy {(i)/7+ 1. We then obtain
the same result for the problem based on the lower limit definition
of ¢r(#). Our method here involves discussion of the discounted cost

19
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problem first and then, using the results obtained together with elemen-
tary Abelian theorems, proving existence theorems for the other two
problems.

Expected Discounted Cost Problem

Our basic approach to existence in the discounted case is to first
establish that Wg(7, o) forfixediand &, 0 < o < 1, is a continuous function
of ‘R and that C is a compact space. Thus an R e'C minimizing W(Z, «)

" must exist. From there, we establish that there exists an R e Cj, mini-
mizing W (i, o).

We say a sequence {R,,n=1,2,...} of policies converges to a

policy Rif forevery a, y,, h,, t =0, 1,~.., lim D(h,, y) = D,X(h,, y,).

We say a class of policies is compact if for every sequence of policies
{R,,n=1,2,..} there exists a subsequence {R, ,k=1,2,...} that
converges to a policy in the class.

We first prove:

LEmMMA 1. The class C is compact.

Proof: For vevery H,=h,, Y,=y, the space Dh,, y) =
{Di(hyy y)s - DKy‘(h,,y,)} is compact since K, is finite for every
iel. By Tychonov’s theorem (Theorem 3 of Appendix B), the

product space  [[ D(k,,y,) is also compact. However, every point
e, Vet
in this product space is by definition a policy and every policy corres-

ponds to a point in the product space. Hence, the product space is the
space C. Thus C is compact.

The temptation is to assert that Lemma 1 holds for any state space
I and compact action spaces. However, because of the measurability
constraints alluded to in Chapter 2, C, being the class of a/l policies.for
which stochastic processes {Y,, 4,,¢t=0,1,...} and expectations
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EW,,t=0,1,... are well defined, may be a proper subclass of the
product space [[ D(k,, y;) and therefore, may not be compact.

he, Vet

LemMMa 2. Let ¢ be arbitrary and H, = A, = {Y, = i, Ao =ag, ...,
Y, =y iy = a,} be given, then Pp{H,=h,|Y, =i} is a continuous
function of R.

Proof: For t = 0, Pp{H, = ho| Y, = i} = DE(Y, = i), and hence, the
assertion is true for # = 0. Assume it true for t =0, ..., 7" Then since

PR{HT+1 = hT+1 |Yo = i}
=Pr{Hr=hr|Yo=i}q;r, ir, (ap)D& , (hr, Yoy =irsi).

we have by induction that the assertion is true for = T + 1 and the
lemma is proven.

LeMMA 3. Let ¢ be arbitrary and Y, =, 4, = a, be given, then
Pr{Y,=j,4,=a,| Y, =i} is a continuous function of R.

Proof: We can write
Pe{Y=Jj, Ai=1t]Y,=1}
=hZPR{Yx=j’ At:ar|YO=i5 Ht—lzhr—l}
X Pp{H,_y =h_,| Y, =1}
=hZ Qi,_l,j(at—l)Dci(ht—h Yy=J) PplH,_, = he—y | Yo =i},

Since there is only a finite number of 4,_,’s, Lemma 3 follows from
Lemma 2.

We remark that if I is countable so that a countable number of
histories £, exist for each ¢, Lemma 3 can still be established.



22 3 Some Existence Theorems

LEMMA 4. Ex W,,t=0,1,... and Wx(i, o) for a given 0<a <1
are continuous functions of R.

Proof: For a given t, Ex W, is a finite linear combination of terms
Pu{Y,=j, A, = a| Y, =i}. Thus from Lemma 3, Eg W, is continuous.
Similarly Wg(i, T) = ia’ Eg W, is continuous for every T=0,1,....
Since ‘Wi(i, @) = lim l‘i’oﬂ(i, a, T) uniformly in 'R, Wg(i, o) is also con-
tinuous. K

We are now in a position to prove:

LemMa 5. Let Y, =i be given. There exists an R* e C such that

W .(i, &) = inf Wg(i, @), iel.
ReC

Proof: Let
Ye(o) = Z Bi¥r(i, a),

where B;, i€l are given positive numbers. Since by Lemma 1, C is
compact and by Lemma 4, Wg(i, «) is a continuous function of R, then
Wp(a) is also a continuous function of R and hence, from the well-
known fact (Theorem 2 of Appendix B) that continuous functions
over compact spaces achieve their extremes, Wg() is minimized by a
policy R* e C. However, R* must also minimize Wg(i, &) for each ie I,
otherwise a different policy could easily be constructed which would
yield a smaller value for W g(e).

Define a,, i € I, as those actions which satisfy

wia; + Z qu(a()lPR‘(ja Ct)
J

= min w,-a+ocEj:q,-j(a)‘PR.(j, @)1, iel. (1)
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If g, is not uniquely defined, let it be any one of the several actions
satisfying (1). Let R, be defined as that policy which takes action a;
when the system is in state i, i € I. Here, Rpis a member of Cp. We now

prove

“Tuporem 1. The policy R, minimizes Wg(i, «) for all iel, and
W ro(is @) uniquely satisfies

Wiy o) = min{w, + « ¥ 4@ ¥ o), i€l ()

Proof: Foreachn=1,2,...let R,bea policy defined as follows:
DR (h,_y, Y,=i)=1 forevery H,_ =l
and t=0,1,...,n—1

and
DE(H,_,, Y)=DFH®,, Y{",) for tzn,

where
YP, =Y, A=A4,
HO, ={Y{, 4D, ..., Y2, A}

In words, for £=0,...,n— 1, R, prescribes action a; whenever the
system is in state i. Thereafter it prescribes according to R* as if the
process started anew at time ¢ = n. Now, from Lemma 1 of Chapter 2,

&, . . = t »

Bl SaWI¥o=i, do=a Yi=j|zint B Y oW Y=

=1 ReC t=1

for all R e C; therefore, for each i e I we have

Wre(i, a) = ), Dg (Yo = Dwia + @ JZ ; D' (Y, = i)g;,(a)
X ER.{Z W Yo =1, do=a, Y; =j}
=1

=Y DR(Y, = i){w,.,, +a) g;a)

(equation continued)
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xER.(Za"lW,IY0=i, Ay =a, Y,=j)}

t=1

> Y DR(¥, = i){wia + o gy (d) inf ER(Z W ¥, =j)}
a g ReC =1

= ;Df'(yo = i){wia + Z qi(a)¥ pe(, 0‘)}

“ oy,

= min{wm +a Z qij(a)lPR‘(L d);
a J
S Wr, (i, ).

Consequently, since W.(i, ®) is minimal we have that the equality
holds. By repeated iteration it follows that Wg.(i, o) = W, (i, «) for
n=1,2,...and all e I. Since Wg(i, ) is a continuous function of R,
and {R,,n=1,2,...} converges to RO,\it follows that Wg.(i, «) =
Wgo(i, o), i€ I. This establishes the optimality of R, and also that
Wgo(i, ) satisfies (2). Uniqueness will be shown in Corollary 1 of
Theorem 1 of Chapter 4.

CoOROLLARY 1. There exists an R e Cy, such .that for each iel,

Wr(i, o) = inf Wg(i, «) for all « near enough to 1.
ReC

Proof: From Theorem 1 we need only show that

Wr(i, o) = inf Wy(i, @)
ReCp
for all « near enough to 1. However, for any R e Cp, it is easily seen
that °

\yR(ia !1) = WL'R +a Z qij(R)\llR(j, (X), l € I:
J

from which it follows (see Theorem 3 of Appendix A) that Y, @)
is a rational function of « for 0 < a < 1. Let {a,,n=1,2,..} be a
sequence such that lima, =1 and R, =R, = =R (say) where

n—+oo

R,, € Cp minimizes Wg(i, a,). Such a sequence can be chosen since Cp
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is a finite set. Since the difference Wg(i, o) — Wg(i, ) is also rational it

is either identically zero or has, at most, a finite number of zeros. Thus,

there is an interval (x(R, i), 1) for which Wg(i, «) — Wg(i, «) = 0 for all

a € (R, i), 1). Let & = max a(R, i). Then for « > & Re Cp, we have
R,

Wi, @) = Wg(i, o) and thé corollary is proved.

Expected Average Cost Problem

We now turn to the problem of finding R € C to minimize

dg(i) = lim sup Sg (DT + 1)

the expected average cost per unit time over an infinite time horizon,
given the initial state Y, = 7. Since lim Sg (i)/T+ 1 does not exist in

T—o
general, we define ¢g(i) by the upper limit. However, Corollary 1 to
Theorem 2 below will treat the case where ¢(i) is defined by the lower
limit. We prove:

TueEOREM 2. There exists a policy R* € Cp such that
drs(i) = inf dg(i), iel.
ReC

Proof: Let R* € C}, be such that
Wi, @) = inf Wg(i, «), iel,
ReC
for every « near enough to 1. Corollary 1 to Theorem 1 guarantees the
existence of such a policy R*. We shall now show that R* is an optimal

policy for the criterion ¢g(i). From Theorem 1(b) of Appendix B,
since ¢g(i) = lim Sg (@)/T'+ 1 when Re Cp (a consequence of
T o

Theorem 1 of Appendix A), we have
¢R'(i) = lim(l = OL)‘PR.(I', a);
a1
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from Theorem 1(c) of Appendix B we have for all R € C that

Sg, (i)

iel.
T+1’ 'e

lim sup(l — 0)¥g(i, @) < lim sup
a1 T—-wo
Using the fact that Wg.(i, ) < Wr(i, «) for all a near enough to 1
combined with the two above inequalities yields

Sg, (i)

, I,
T+1 1€

¢dre(i) < lim sup
T- o

2\,

‘and the theorem is proved.

We remark that more than one optimal policy may exist. In our
construction of the proof we showed that the policy R*, which is optimal
with respect to Wg (7, ) for every a neat enough to 1, isalso optimal with
respect to ¢x(i). However, not every policy that is optimal with respect
to ¢x(7) will be optimal with respect to Wg(i, o) for every a near enough
to 1. The following example demonstrates this.

Let I consist of the states 0 and 1. Let K, =2, K| =1, where
goo(1) = B >0,401(2) = 1,¢y,(1) = 1, woy = 1, wop =0, w;; = 0. Here,
C} contains two policies. Let R, denote the policy in Cp, which takes
action 1 in state 0 and R,, which takes action 2 in state 0. Clearly,

¢&,(0) = ¢g,(0). However, ¥ (0, a) = io(aﬁ)‘, Wg,(0,a) = 0. Thus R,

is a better choice than R; with respect to the discounted cost criterion.
For more on this subject see the bibliographical notes of Chapter 6.
Suppose we define ¢px(i) = lim inf Sk +(i)/(T + 1). As a consequence
T-w

of Theorem 2 we have:

CoroLLary 1. There exists a policy R* (the same policy as in
Theorem 2) such that

@re(i) = inf ¢g(i), iel,
ReC

when ¢g(i) is defined as lim inf Sg +(i)/T + 1.
T—-w
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Proof: If R is such that lim Sk (i)/T + 1 exists for every i € I, then

T—w
by Theorem 2 ¢g+(i) < ¢g(i), i€ I. Suppose that for every i and j
there exists a policy R;;€Cp such that Pg, (Y, =i for some
t=1|Y,=i}=1, and mj, the mean first-passage time from jto i
under Rj;, is finite. Starting with an arbitrary policy R, define R as
follows: use policy R for times t =0, ..., T; then if Y, =i and Y7 =,
use policy R;; until ¥, =i for the first time after 7, after which use
policy R as if starting from ¢ = 0. Repeat this construction; that is,
each time policy Rj;, depending on the state j, returns the process to
state i, use policy R as if starting from ¢ =0 for 7'+ 1 units of time,

.then use policy R;; where j is the state of the process at the time of the

switch in policies. The process {Y;} under R is a recurrent event process
(see Appendix B) and by Theorem 6, Appendix B, lim Sg r()/(T+ 1)
T—w

exists. Hence, ¢gs(i) < dg(i). Now let us suppose there exists a policy
R such that ¢x(i) < dg.(i) for some i. Then there will be an¢>0and a
subsequence {7,, v = 1,2, ...} of T values such that

SR, T.,(i)
T, + 1

<opli)—e  v=1,2,....

Let us adjoin to K; for each j # i an action @ such that g;,(a@) = 1 with
cost w;; = w to be assigned. Let R be defined as above with R;; the
policy which takes actiondin state jand 7'= T', for some v to be assigned.
By Theorem 6, Appendix B, '

_SR,TD(E)+W
TooTyz

Choose w large enough so that
¢re(i) = min ¢g(i);
ReCp

that is, if w is large enough so that any policy R € Cj, using action & 1s
too costly, the policy R* being originally optimal will again be optimal
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among all policies in the enlarged class C,. But also choose v large
enough so that

Sg, (D) +w

. €
Tv+2 < ¢R‘(l)_23

after which we have
Pr(E) < Pro(i)s

a contradiction of Theorem 2. This proves the cdgpllary.

- s

o

Remark:. That Theorem 2 and its corollary are true might seem
intuitively obvious. This, however, does not stem alone from the
Markovian structure we have assumed. For when the state space I is
allowed to be countable, Theorem 2 dbeg not hold; moreover, optimal
policies may not exist or, when they do exist, they may not be members
of Cp or Cs.

First-Passage Problem

We now consider the optimal first-passage problem. Let us first
assume that w;, = 0 for all ae K, and i e I. We let j = 0 denote a given
target state. Without loss of generality, we can take w,, = 0 and gyo(a) =
| for all a € K,. For since j = 0 is the target state and only costs associa-
ted with reaching the target state are relevant, this assumption will not
affect the solution to the problem. Then, if Y, =i is the initial state and
7 denotes the smallest positive integer ¢ such that Y, = 0, then

og(i) = Sg, 1)

—E ) W,

t=0

where W, are nonnegative random variables. By setting wg, = 0 and
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doo(@) =1, we are able to remove the random variable = in the upper
limit of the definition of gg(f).
We now prove:

THeOREM 3. If {w,,} are nonnegative, then there exists an R* € C,
such that

o ge(i) =}i(11fCaR(i), iel.

Proof: Consider first
el
Ye(i, a) = Z LEg W,
t=0
0
=Eg ) od'W,.
=0

The interchange of expectation and summation is justified since
O

T
3" a'W, converges uniformly to ) a'W, for 0 < « < 1. By Corollary 1
t=0

t=0
to Theorem 1 there exists a policy R € Cp, such that W(i, o)) < Wr(i, o)
for all iel, Re C, and « near enough to 1. Since for every Re C,

@
lim Wg(i, o) = ). EzW, (the limit may equal o), we have from
a=r1 t=0

Theorem 4(a) of Appendix B that

which in turn is

The theorem is proved.
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In relaxing the condition of nonnegativity on all costs, we need an
hypothesis of the sort that Pg{Y, =0 for some t = 1| Y, =i} =1 for
iel for all Re C,. Such a condition guarantees that og(i) is well
defined. Without such a condition an infinite path through positive and
negative cost states could give rise to an indeterminate cost criterion.
We now state and prove Theorem 4, a version of Theorem 3 without the
nonnegativity assumption. In Chapter 7 a proof by other methods will

v

also be given for this case. i

. THEOREM 4. If Pi{Y,=0forsome t = 1|Y, =i} =1forall iel
and R e Cp, then the conclusion of Theorem 3 holds.

Proof: Under the hypothesis, the méan first passage m,® from state i
to O is finite for every i e [ and R € Cp, (see Theorem 6 of Appendix A).
Now let w;, = |w;,| and, by Theorem 4(a) of Appendix B,

og'(i) = Eg Zo W
t=

lingk:

Ex W/,

t

where W, =wj, if Y,=i,4,=a,t=0,1,.... By Corollary 1 of
Theorem 1 (with maximum replacing minimum) there exists an R* € Cp,
such that

Wae(i, @) = WYR'(i, o), iel, ReC

for all « sufficiently close to 1. However,

og' (D) = Eg Zo Wy
t=

@K
=lim ) o'Eq W/ (equation continued)
a=>1t=0
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é lim z a‘ER- w’;’

a—+1 =0
=Ep 3, WY

< max{|wg | mi}

i,a

< 0, forevery iel and ReC.

Thus, since |W,| = W, it follows from Theorem 4(b) of Appendix B

?

that

or(i) = Er ZOWI
t=

Erx W

el

t

for every iel, Re C. Now, again using Corollary 1 to Theorem 1,
there exists an R* € Cp such that forallie I, Re C, and a near e'nough
to 1, Wg(i, @) = ¥g»(i, o). Hence, using Theorem 1(a) of Appendix B,

ope(i) = lim Y 'Ege W,

a—=+0 t=0

£
<lim ) «'Ex W,
a—1 t=0

:UR(I), l#]a ReC.

This proves the theorem.

First Passage as a Discounted Cost Problem

Consider the special case where gio(a)=1—a for all ae K;,
iel — {0}, where again goo(@) = 1, Woa = 0. Then, for any Re C,

Ple=tYo=i}=a"* 10—, 1=12.., iel—{0}
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But
) @ T-1
or(i) = Y Eg Wle=T, Y,= i)aT—l(l — @)
T=1 t=0
w T-1
=X LEWIt=T, Y= "'1-q

=& i Ex(Wilt=T, Y,=ia""}1 -0

=Y Ex{(Wlt>1t Y, =i}P{r>1)

=ZOER{VKlr>t, Y, =i}d, iel—{0}.

However, ~

E{W,|t > ¢, Y, =i}
='Z ijaPR{Yr:j; Ar:a'Yo=i}Iﬁlt, iEI-—{O}.
J#0 a

Thus, og(i), i€ I— {0}, is equivalent to Wr(i, o), ie I — {0}, for a
Markovian decision process based on the state space I' = I — {0}, with
laws of motion gia) = qij{a@)fa, ae K;,i,jeI', and costs Wia = W,
aeK;,iel'. Or, let Wi, ) be a discounted cost criterion over a state
space I, with laws of motion {g:(a@)}. Define a fictitious state “0” and
adjoin it to I. Define laws of motion by gio(@) =1—o,iel, g/ (a) =
agq;/(a), ae K, i, je I, with goo(a) = 1. Then, Wg(i, «) is equivalént to
ogr(i), i€ I, where op(i) is the expected cost of a first passage to the
state “ 0’ using the laws of motion {q:/(a)}.

Bibliographical Remarks

Using essentially the same method, Derman [17] proved Theorem 1
for the case of a denumerable state space I. The idea of using Tychonov’s
theorem in this connection is due to Karlin [35]. Another proof of
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Theorem 1 holding for a denumerable state space is given by Black-
well [7].

Corollary 1 to Theorem 1 is due to Blackwell [6].

The proof of Theorem 2 employs techniques used in Derman [15]
and Gillette [33]. Gillette [33] employs an incorrect (see Liggett and
Lippman. [42]) extension of a theorem by Hardy and Littlewood while
working with ¢g(i) defined by lim inf Sg 1(i)/T. The proof of Corollary

T-w

1 to Theorem 2 given here is a modification of the one given by Derman
[18].

For more on the remark following Theorem 2 see Derman [19] and
Fisher and Ross [32].

Theorem 3 was proved by Derman [15].

In connection with Problem 2 following, Veinott [53] provides an
alternative proof. His proof shows that the limit converges geometri-
cally. This result in Problem 2 is used in the proof of Theorem 1 of
Chapter 5.

Problems

(1) Is ¢g(i) always a continuous function of R?

(2) Suppose ggo(a) =1 for every a € K, and that Pg{Y¥, =0
for some t>0|Y, =i} >0,iel, Re Cp. Show that

lim sup Pg{Y, #0|Y, =i} =0, iel.

t=+o ReC
Solution: By Theorem 4 and Theorem 6 of Appendix A,

on maximizing the expected first-passage cost with w;, = 1,
ack,;,i+#0, there exists an R* € C}, such that

mR

*=max mR < oo,
ReC

where m® denotes the mean first-passage time to O from
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.state. . But by Chebychev’s inequality, (P{X > ¢} < EX| /e
if X'is a nonnegative random variable) for every Re C, i e,

Pr{Y: # 0| Yy = i} = Pp{(first-passage timeto0) > ¢ ¥, = i}

mfR

Tt

IIA

m®

t

IIA

Thus, for iel,

R*

sup Pp{Y, #0| Yy = i} < T
ReC t

and

limsup Pp{Y, #0|Y, =i} =0, iel.

t20 ReC

4

Computational Methods for
the Discounted Cost Problem

Introduction and Summary

In the previous chapter we showed that solutions exist to the
problems of minimizing the expected discounted cost and the expected
average cost criterion as well as to the problem of minimizing the mean
first-passage cost. In this chapter and Chapters 5 and 6, we present
methods by which the optimal policies actually can be obtained.

35
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Although it was shown that optimal policies for each problem exist in
Cp, the problem of finding them is nontrivial. In spite of the fact that,
given R e C,, the cost criteria Wi, ¢g, and ox can be evaluated, the
number of policies in Cj, may be astronomically large. For example if I
contains N states and K; = 2, i € I, then C,, contains 2" different policies.
For small values of N the method of simple enumeration is feasible;
however, for N moderately large, complete enumeration is virtually
impossible. Nevertheless, modern computational rmethods have over-
come problems of this sort. For example, in solving the linear pro-
gramming problem, the 'space of possible solutions that"would have to
be searched if the problem were to be solved by enumeration would
usually be a large finite number; however, computational methods (the
simplex method is one) have been developed which select an optimal
“solution without the need for complete errumeration. We shall show
here that comparable methods exist for obtaining optimal policies. In
fact, linear programming computational procedures, among others, can
be employed.

In this chapter we discuss the problem of minimizing the expected
discounted cost criterion Wy . We present three approaches to obtaining
the optimal policy: the method of successive approximations, policy
improvement, and linear programming. The first is the classical method
used in solving differential and integral equations. In itself, it does not
provide a method for obtaining a solution in a finite number of itera-
tions; however, slightly modified, it can. More significantly, this method
has some uses in determining structure of optimal policies. Both the
policy improvement and linear programming methods are finite
algorithms and are feasible, provided the size of I is not too large.

Method of Successive Approximations

Let {vo(i),ie I} denote an arbitrary set of values. Define for
n=0,1,...,

i) = minfwa + o T @) i€l 1)
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where 0 < o1 is fixed. We have:

THeoREM 1. If {v,(i), ie I, n =1, ...} is defined by the transforma-
tion (1) with {vo(i), ie I} arbitrary, then lim v,(i) = Wg,(i,0),iel,

independent of {vy(i), eI}, where R, is a policy that minimizes
Wi, ), iel

Proof: Let {vo(i), i € I} be arbitrary and v,'(Y) = Wg,(i, @), ie . We
first show that '

© max|v,, (i) — vp4,(D)] £ @ max|v,(i) — v,/ (DI, n=0,1,....
iel iel

Let a/,iel, be the action which minimizes the right-hand side of
Eq. (1), where in (1) v,(i) is the nth iterate of vy'(i). Then

Ut 1() — U 1(3) S Wigy + 2 Z 9:/(a)0,(J) — Wigy — Z g:5(a)vy ()
é 4 Z QEj(ai/) m?'xlvn(j) - vn,(j)’

= amax[v,(j) — v, (D, iel.
J

Similarly, on letting a;, { € I, be the action which minimizes the right-

hand side of Eq. (1), where in (1) v,(i) is the nth iterate of v,(i), we obtain
Up+1(0) = 054 1(0) S @ maxv,(j) — v/ (),  iel.
J

Hence, we have shown the inequality. Now, by iteration, we obtain
that

[0g+1() — Uny (D] S " max| v(j) — vo' (NI, iel, n=0, 1,.- o

Thus, lim (v,(i) — v,(i)) =0,iel. However, from Theorem 1 of
n-w

Chapter 3 (without using uniqueness) we have that v,'(i) = Wg,(i, @),

iel,n=0,1,.... Hence, lim v,(i) = Wg,(i, @), i€ I. Since vy(i), i€l,

was arbitrarily selected, the theorem is proven.
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The proof of the uniqueness part of Theorem 1 of Chapter 3 was
postponed. Essentially, we now have shown this and summarize it
in

CororLARY 1. Equation (2) of Chapter 3* has one and only one
solution, namely, ¥ (i, @), i € I, where R, is a policy that minimizes
Ye(i, o), iel.

v
1

Proof: 1If v,"(i), i € I, is a second solution, then ﬁ"ff(i) =v,"(i), i€ l,
‘n=1,...; and thus, lim v,"({) = v,"({). However, ffom Theorem 1,

n— oo

lim v,"(i) has been evaluated to be Wy (i, a).

n—> o

The method of successive approximations based on Theorem 1 con-
sists of selecting an initial arbitrary function and transforming it suc-
cessively according to the transformation defined by (1). The limiting
function will satisfy Eq. (3.2) and the optimal policy is obtained by
taking that action in state , { € I, which minimizes the right-hand side
of (3.2). In practice, the limiting function will be approximated only.
An approximation to the optimal policy is obtained by treating
Wg,(i, ) and its approximation as if they were equal. Actually, if the
approximation is close enough to W (i, «), which will be the case for
large n, the exact optimal policy will be obtained. However, within the
procedure, no formal stopping method is given, One might modify the
method by occasionally evaluating for various values of n, Wg (i, @),
iel, from Eq. (2) following, where R, e Cj is the policy defined by
taking that action in state i, i € I, which minimizes the right-hand side
of (1). If {Wg,(i, @), iel} satisfies (3.2) then R, is optimal. See also
Problems 2, 3, and 4 at the end of this chapter.

In general, the functions {v,(i),ie I}, n=20,1, ... have no tangible
interpretation. However, if vy(i) = min{w,,}, i € I, then using methods
of Chapter 2, we have

u(i) = ink ER(Za‘W,l Y, = i). n=0,1,...,
ReC t=0

* Hereafter this equation will be referred to as (3.2).
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the optimal expected discounted cost criterion over the periods
0, 1,...,n Otherwise, if vy(i) is interpreted as the terminal cost of
being in state i at time n if the process is terminated at time #, then
v,(i) is the minimal expected discounted cost plus terminal cost over
periods 0, 1, ..., n given that the initial state is i.

In practice, the method of successive approximations may be used
when an approximation or guess to an expected discounted cost criter-
ion corresponding to a heuristic policy (one arrived at by respected
intuition) is available. Then several iterations will hopefully improve it.
In any case, use of the method of successive approximations never
necessitates the computation of an exact discounted cost criterion; thus,
one is spared the work of solving the system of simultaneous equations
(2) following. This latter feature makes the method an attractive com-
putational procedure, particularly if the computations are done by
hand or with a desk calculator.

Perhaps the method of successive approximations is of greatest
value in a more theoretical context. That is, certain mathematical pro-
perties can be ascertained. For example, suppose I is the set of integers
0,1, ..., L and the laws of motion are such that v,(i) is a nondecreasing
function of ; whenever v,(i) is a nondecreasing function. Then it follows
that Wy (i, ) is a nondecreasing function. From this property the
structure of an optimal policy may sometimes be deduced. (See Chapter
9, Section 1.)

Policy Improvement Procedure

This is an iterative procedure that improves on each iteration and
terminates after a finite number of iterations with an optimal policy.

Let R, € Cp, be arbitrary. Then {¥Wg, (i, @), i € I} satisfies, uniquely,
the equations

We,(i, @) = wig, + o Z 4:(R,)¥g,(J, @), iel. (2)
J

Uniqueness follows from the fact (using Theorem 3 of Appendix A)
that the matrix of system (2) is I — aQ (I is the identity matrix and
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Q ={g;;(R)}) which has an inverse {I —aQ}™'= Y} o"Q" Let E
n=0
denote the set of actions i for which w;, + o )" q,(a)¥g,(/, @) is strictly

i

less than the right-hand side of (2). Define R;e Cp as follows: For one
or more states i for which E; is nonempty, prescribe action a in E,.
For all other states, take the action prescribed by R,. We refer to the
derivation of R, from R, as a policy improvement iteration. The fact
that the iteration is an improvement is established in the following.

- Tueorem 2. If E; is nonempty for at least one state 7, then
W, (i, o) £ Wg (i, a), i € 1, with strict inequality holding at every i for
which R, # R;.

Proof: By definition of the policy impravement iteration,

Wr (i, 0) Z wig, + @ Z 9i(R)¥e,(J, ), i€, 3
J

with strict inequality holding at each i for which R, # R,. Let
{g9(R)} (t=0,1,...) denote the t-step transition probabilities under
R, . Then from (3), on premultiplying by o’q{?(R,) and summing over i,
we can write fort =0, 1,..., ' :

o ) 45(R)Wr, (i, )

2o Z 45'?(1‘32)“’1122 +ott FT" QS"erl)(Rz)\le(la a), jelk. 4

Fort = 0, Egs.(3) and (4) areidentical. On summing (4) over t = 0, 1, ...,
we obtain, since W, (j, @) = 3 o Y gW(R)wi,,

t=0

Zoa‘ 2, GR(R) W, (i, )
= i

; ‘PRZ<J'! (X) + z at z q(jtl)(RZ)LpRo(ly (X), J € I,
=1 I
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with strict inequality holding, because of terms at ¢ =0, at each j for
which R, # R,. On subtracting the second term on the right-hand side
from the left term, and because the two differ only when j =i (since
gy = 6,;), we have Wy (j, o) = Wg,(j, @), je I, with strict inequality

holding for each j for which R; # R,. Thus the theorem is proved.

We refer to a sequence of policy improvement iterations as the policy
improvement procedure. We can state

CoroLLARY 1. The policy improvement procedure terminates,
after a finite number of iterations, at an optimal policy.

Proof: Cp contains only a finite number of policies. Since each
iteration is accompanied by a strict improvement, no repetitions will
occur. Thus, at some point no improvements will be possible, at which
time (3.2) will hold and the corollary is proved.

In summary, the policy improvement procedure provides a mono-
tone (always improving) convergent sequence of policies and attainsin a
finite number of iterations the optimal policy. Its drawback is that the
discounted cost function for each policy R in the sequence must be
calculated. This involves solving the linear system (2).

Linear Programming

Both the methods of successive approximation and policy improve-
ment may be regarded as methods of dynamic programming. Thus, it is
somewhat surprising that the method of linear programming can also
be brought to bear. For this, consider the linear programming problem:

Maximize
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subject to

vi§W1a+aZ_Qij(a)Uj, aek;, iel,
J

where §;>0,je1, and )’ ;=1 are given numbers. The dual linear
: J

programming problem is:
Minimize £

-

subject to
X2 0, aekK;, iel,

and %
ZZ m(51_/ aqij(a))=ﬂj9 jEIy

where 6;,; = 0if i#j,and 1 if i = .
We first discuss the dual problem.

THeOREM 3. Let R € Cg be defined by {D,,}: Then

w

)’6,,1:2,6,ZaPR{Y—llYo—l}Dm, aek;, iel,
T

is a feasible solution to the dual problem. On the other hand, if {x,,}
is any feasible solution to the dual problem, then {D,,} = {x,a/Z Xiar}

deﬁnes a policy Re Cs and x;, = %,,,a€e K;,iel. That is, {Dm} =
{xilY, Xi,-} is a one-to-one mapping of the feasible solutions to the dual

problem onto Cy.

Proof: It can be readily verified that {%,} satisfies the feasibility
constraints. Now let {x;,} be any feasible solution to the dual problem.
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The feasibility equations can be written

Yxa—al (Z xm) Y /@D =p;,  Jjel,

from which it follows that ) x;,, >0, iel, since it is assumed that
B;>0,jel. Thus {D,} = {x;/) x;,} is well defined. However, treating
Y xi,,i€l, as variables in the above representation of the feasibility

equations, it follows from Theorem 3, Appendix A that

Y 2 =) %, iel.
a a

But

||

Xia Dia

= 2%
meD

= Xy, aekK;, iel,

which completes the proof of the theorem.

CorOLLARY 1. An optimal policy R, € Cy is obtained by solving
the dual problem and setting DR = x,a/z x,,aekK;, iel, where

{xi,} is an optimal solution to the dual problem.

Proof: Since the objective function of the dual problem is in fact
Y B ¥x(l, o), this expression is minimized. However, since §; > 0 and
lel

a single Re C, minimizes Wyi(/, o) for every /e, it follows that
Wi(l, &) is minimized for each /e I.

CoroLLARY 2. If the simplex method is used to solve the dual
problem, an optimal policy R, € Cj, is obtained.
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Proof: The simplex method obtains only extreme point solutions. It
follows that in,, >0, iel, and from Theorem 3 of Appendix C,

. > 0 for exactly one a € K, for each i e I. This then implies Do =1
or O, iel.

COROLLARY 3. For every optimal solution to the primal problem,
(3.2) must hold.

Proof: It follows from the complementary slackness property of
primal and dual linear programming problems (Theorem 5, Appendix
C) that if {v;, j € I} is optimal for the primal problem, then

v = W, + o), g(a)v;
j ~

for those values of i and a where x,, > 0. However, we have seen in the
proof of Theorem 3 that for each ie I, x,, > 0 for some a. Therefore,
if we consider the constraints of the primal problem, (3.2) must hold.

We can now prove

THEOREM 4, If‘_.{ujo} is an optimal solution to the primal problem,
then {Ujo} satisfies (3.2) and consequently vjo = Wp,(J, @), j€I, where
R, € Cp is an optimal policy.

Proof: From Corollary 3 we have that (3.2) must be satisfied by an
optimal solution to the primal problem. Since by corollary 1 to Theorem
1, Eq: (3.2) has a unique solution {¥g,(/, «), € I}, the equality must
follow.

CoRrOLLARY 1. An optimal policy R, € Cj, can be obtained from
the optimal solution to the primal problem by letting R, be the policy
that takes action a = g, at state / which achieves equality in the con-
straints of the primal linear programming problem. If more than one
action a achieves equality at any state then either action may be taken.
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Proof: Once a solution to (3.2) is obtained by any means, an optimal
policy is prescribed according to Theorem 1 of Chapter 3.

Theorems 3 and 4 and their corollaries provide the linear program-
ming machinery for obtaining optimal policies. We point out that the
variables {x;,} of the dual problem have policy and expected frequency
interpretations for every feasible solution to the problem.* For x,, is, in
a discounted sense, an average probability of being in state ; and making
decision @ when P{Y, =1} = f;, /€ I, and policy R € Cy is used, where
R is given by D;, = x,,/>, x;,. Thus, in a sense, the simplex algorithm

for solving the dual problem, which is a procedure that has the property
that successive iterations provide improving solutions, is a special type
of policy improvement method. On the other hand, for the primal
problem, it is the equalities (3.2) obtained only in an optimal solution
that yield an interpretation with respect to policies. Of course, the
optimal values have their interpretation in terms of being the optimal
discounted costs Wg(i, a),iel.

In the proof of Theorem 3, the assumption that f,>0,/€el, is
used in showing that ) x;,, > 0,iel. If we allow a subset S of states

_ such that §, =0, /€ S, then it is possible that ) x,, =0 for some i € S.

In this case, suppose we define R = {D,,} by setting D;, = xia/Z x;, if
me > 0 and choosing D,, arbltrarlly if Z x;, = 0. Then, for every i
such that Zx,,, =0, we can assert that Pr{Y,=1|Y, =10} =0,

t=0,1,... for every [ such that f§; > 0. Moreover, R is optimal with
respect to minimizing Wyg(/, «) for every / for which §, > 0. However,
R may not be optimal with respect to minimizing Wg(i, «) for every i
such that 3 x;, = 0.

! For this reason we should have perhaps referred to the problem involving the
variables {x,,} as the primal linear programming problem and to the other as dual.
However, since the problem involving the variables {v;} arises first we have called it
primal.
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Computational Examples
Suppose, as in Chapter 2, that I = {0, 1}, K; =2, i =0, 1, where

CEEY
Wit Wiz 2 2

LR

and .
: {(400(1),%0(2)) (go1(1), 401(2))} _ {(i, H G %)}
(q10(1); 410(2)  (g::(1), 91,2 & D G, D)
We take o = 3.

Let us first employ the method of successive approximations in
order to obtain an optimal policy. Let v,(0) = vy(1) = 0. Then using

0,
v,(0) = main Wog + & Z qu(a)UO(j)}

= min{l, 0}
=0,
and, similarly,

v,(0) = min{2, 2}

Then,
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4 and

2,2+

N =
W N
o
S,

Iteration once again yields

. 1/1
v3(0) = mm{l + 3 (5

Blw
+
N =
Wi
gt
N | =
AR—
L
W
+
|
W~
N—
—

31

and

95
=gz

The policy R* approximating the optimal policy is the one that takes
action a = 2 at state O since

1(1‘31 1.95)>1(1.31+3'95)
22 2%2'36) 72\a 217 36)
and takes action @ = 1 at state 1 since

+1(2.3_‘ l.§)<2+1(1.3_1+g.95)
23 1273 3% 2\3'3273736)"
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Let us check whether this policy is, in fact, optimal. We have that

Wre(0) = 1 - (3¥YR(0) + $¥Ru(1))
and
Yeo(l) =2 + 3(3¥.0) + 1'PR.(D).

On solving, we obtain

36 84,
Vo) =2, Yel)=s.
29" . 29

We can now check whether

1 36 1 84) 1(1 36 3 84)

1
”5(5 %729 720m T

+l(g.§+1'84)<2+1(1 36 2 84)
2\3 29 3 29 2329+329'

and

The inequalities hold so that R* is, in fact, optimal.

Let us now obtain an optimal policy using the policy improvement
procedure. Let R, be the policy that takes action a = 1 at state 0 and
action a = | at state ¢ = 1. Then

Pr,(0) = 1 +3(3¥x,(0) + ¥, (1),
Fr,(1) =2 + 3(3'¥x,(0) + $¥5,(1)),

from which we see that

V0=, W)=

At state 0,
1/1 32 3 44 32
+§(Z'B+Z'E)<1_3;

hence, the policy R, , action a = 2 at state 0, and action a = 1 at state 1,
is better. Since we already know R, is optimal, no further policy
improvement iterations will be possible.
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The primal linear programming problem, letting f, = f; = 4, is:

To maximize
3(vo +vy)
subject to
fvo— 3, =1,
o — 40 £0,
—dvo +3v =2,
—%v0 + %0, £ 2.

. The dual problem is to minimize

Xg1 + 2x11 + 2%y,
subject to
Xo1 20,  x0,20, x,20, x,20
and
X0y + ¥%0s — X — X1, =3,
—3Xo; — $Xop T #X +Ex, =3
We leave it to the reader to numerically solve each of the linear pro-

gramming problems and determine the optimal policy from each
solution.

Bibliographical Remarks

The proof of Theorem 1 essentially involves establishing that the
transformation defined by (1) is a contraction. Since we know a fixed
point of (1) already exists; namely {¥g,(), i € I}, the remainder of the
proof is somewhat simpler than the classic proof of the Picard-Banach
fixed point theorem. Maitra’s proof [45] for the denumerable state case
motivated our approach. However, the theorem for the finite case should
be credited to Shapley [48] who also used the contraction method.
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That the policy improvement procedures are associated with dynamic
programming can be seen in the writings of Bellman (see, for example,
[3]). The explicit procedure for the Markovian decision process with
discounted cost criterion appears in Howard [34]. See also Blackwell
[6].

That linear programming can be used for the discounted cost
criterion is due to D’Epenoux [14].

- Problems

(1) Using the data provided for Problem 1 of Chapter 2,
find the minimal expected discounted cost policy using
each of the computational methods.

(2) In the method of successive approximations with
vo(i) =0, i € I, show that for each i e I,

n

= max{|wia|}’
1 —« i,a

[Up+1(3) — "PRO( i, ) <

where R, is optimal.

(3) Assume min {{w;,, — w;,/|} > 0. How large must n be
B
in order that the method of successive approximations
yields an optimal policy ?

(4) If in the method of successive approximations,
v,(i) 2 vo(i), i € I, show that v, (i) = v,(i), i € [; that
is, that {v,(i), n=0, 1, ...} converges monotonically to '
Weo(i, o) from below.

(5) By direct argument, that is, without resorting to the
dual problem, prove that the optimal solution {v;, i e I'}
to the primal problem must satisfy

v = min{w,-a +3 qij(a)u,}, iel.
a J

Problems

(6)

@)

Define the transformation T of a vector v = {v(i), i€ I}
by

(Trv)(@) = wig + « E qU(R)U(j)s bl

£

Show that if v'(i) = v(i), i € I, then (T v )(i) Z (Trv)(@),
iel.
Prove the assertions in the last paragraph of the linear
programming section.

51
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some t>0|Y, =i} =1,iel, and goo(R) =1 for all Re Cp. Recall
from Theorem 4, Chapter 3 that some policy R e Cp is optimal and
thus we need only consider the rules in C,,. However, as in the previous
chapter, it will be convenient, in the linear programming formulation,
to consider the class Cs of policies.

Method of Successive Approximations

We first discuss the method of successive approximations in the
present context. Let {vy(i), i€ I — {0}} be arbitrary, and define

by () = minf i + Ta@n@), iel-©.

We shall prove:

Tueorem 1. If {v,()),ielI—{0},n=0,1,...} are defined by
transformation (1), then lim v,(i) = og,(i), i e I — {0}, independent of

n—+aw

{vo(i), i € I — {0}, where R, € C, minimizes ox(i), ie I — {03}.

Proof: Let {vy(i),ie I —{0}} be arbitrary and vo' (i) = ok, (D),
ielI — {0}. Since R, is optimal and is a member of C, we have that
v, (i), the nth iterate of vy'(i) in (1), is equal to vo'(i) forn=1,2,....
Let a,, ie I — {0} denote the actions minimizing the right-hand side of
(1) where v,(i) is the nth iterate of vy(i) in (1). On subtraction, we have
forn=0,1,...,

V1) — Uny () = .;qu'j(ai) [v.(7) — va ()], iel - {0}.

J
Similarly, if @/, ie I — {0}, denote the actions minimizing the right-
hand side of (1), where v,(i) of (1) is the nth iterate of vy’ (i). Then for
n=0, lyeies

Un s 1() — vp41(0) §.;) qij(ai')lun(j) — v,/ (DI, iel~—{0}.

o

|
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Putting the two inequalities together we obtain
{On+ (D) — vp4 1 (D)
< max{ ¥ gy(@lu) — w Gl T afa) o) - w O]
j*0 J

foreachn =0, 1,...and i e I — {0}. Consequently, letting R, denote the
policy in C}, which takes action g; or a;" at state i depending upon which
yields the larger value for Y, q;/a)|v,(j) — v,'(j)|, we obtain

1041 (1) = Vni1 ()] éj;oqij(Rn)lvn(j) —v/(Dl,  iel—{0},
for each n =0, 1, .... Repeated iteration yields
1004 1(8) — vn 1 (D] éj;OPR,.{ Y, =J| Yo = i} vo(J) — vo' (NI
SP{Y,#0|Y, =1} mj?xlv () = v’()}
iel— {0},

where R, is the policy in C,, that takes action at time ¢ according to
policy R,_, (0 <t £ n). From Problem 2, Chapter 3, it follows that

lim P {Y, # 1Y, =i} =0, iel—{0}.
Therefore
lim |v,(i) — v,/ (0)} = 0, iel —{0}.

n—w

Since v, 4,(i) = vy'()) = og, (i), i€ I — {0}, we have that lim v,(i) =

og,(D), ie I — {0}, and the theorem is proved.

The remarks regarding the method of successive approximations in
Chapter 4 hold here as well. In particular we have:

CoroLLARY 1. The function og, (i), { € I — {0}, uniquely satisfies

onf) = minfw, + ¥ ay@on())s  tel-(0h @
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Proof: Same as for Corollary 1 to Theorem 1, Chapter 4.

Thus, we start the method of successive approximations with an
arbitrary function vy(i), i € I — {0}, and iterate it according to (1). In
the limit, we get (2) with R, e Cp, as that policy determined by those
actions which minimize the right-hand side of (2). In practice, the limit
is not attained, but a large number of iterations of (1) should in most
cases yield the optimal policy or a good approximation.

Policy Imﬁrovement Procedure

We turn now to the policy improvement procedure for obtaining
an optimal policy. Let R denote an arbitrary policy in Cp,. Then
{ogr(i)} satisfies uniquely (Theorem 2 of Appendix A) the system

or(i) = wig + ;Oqij(R)o-R(j)3 iel ~{0}. (3)

For each i e I — {0} let E; denote those actions a for which
Wi + ;OQij(a)aR(j) < og(i)-
o

Define R’ € Cp, by choosing an action in E; for at least one i where E;
is not empty. At all other states Jet R' = R. If E; is nonempty for at
least one i we call the transformation of R to R’ a policy improvernent
iteration. A sequence of policy improvement iterations that leads to an
optimal policy is called the policy improvement procedure. That, in fact,
every policy improvement procedure leads to an optimal policy is
summarized in the following theorem and corollary.

THEOREM 2. If R’ is obtained from R by a policy improvement
iteration, then og.(i) < og(i), ie I — {0}, with strict inequality holding
for at least one ie I — {0}.

Proof: From (3) on substituting the inequalities of the policy

. P

R —r
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improvement iteration, we have

or(i) Z wig: +j;0qij(Rl)URU), iel — {0},

with strict inequality holding for at least one i€ — {0}, namely, for i
where R’ # R. On iterating the inequality we obtain

og(i) 2 wig + ;(quj(R/) [WjR’ +z;oqﬂ(R/)UR(l)]

= Wig- t+ Z q;{(R)W;gp + Z qg?)(R,)UR(l)
_ %o iFo

M=

t

Z q(i;')(Rl)WjR’ + Z qgﬂ)(Rl)UR(j), T=12,....
0 j%0 %0

I

On letting T — co we obtain
og(i) 2 og(i) + lim Zoqg”)(R’)UR(j)
Tow j#

= UR’(i)’ iel= {0}’

since lim g{/’(R’) = 0. Strict equality holds, at least for those i where
T-o

R’ # R. The theorem is proved.

COROLLARY 1. The policy improvement procedure converges,
within a finite number of policy improvement iterations, to an optimal

policy.

Proof: Bach iteration yields a strictly better policy. Only a finite
number of policies are in C;,. Thus, at some point, no policy iteration is
possible and (2) is satisfied by the final policy; by the corollary to
Theorem 1 it must be optimal.

Linear Programming Formulations

We allude now to the linear programming formulations, the primal
and dual, of the optimal first-passage problem.
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Consider first what we call the primal problem:

To maximize
Z BJ' v
subject to
Ux§W;a+_;0qU(a)Uj, aek;, iel-{0},
j “a

where the {;} are known positive numbers such that ) p ;=1. The
f : © 0
dual problem is:

to minimize

subject to
X, 20, aek;, iel— {0},
and
‘;0 ; Xia(0;j — gi(@)) = B;, jel—{0}.
By the same methods of Theorem 3, Chapter 4 ;ve can assert that

there is a one-to-one correspondence between any solution {x;,} to the
dual problem, and R e Cs given by

a aekK;, iel- {0},

and

xQ

Xig = Z )Bl OPR{Y:=i5 Y, #0, 0§n§t|Y0=l}D,-’f,

lei={0) =
= 2 BYaP(RD;, aek;, iel-{0}.
lel={0) t=0

In words, x,, is equal to the expected number of times under the policy
R that the process is in state i and action a is taken before the process
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enters state O given that P{Y, =/} = f8,, /e I — {0}. That x,,, in fact,
is finite for R € Cy, follows from the assumption that each, i e I — {0},
is transient for every R € Cp and Theorem 2 of Appendix A.

Thus, Theorems 3 and 4 of Chapter 4 and their corollaries have
their counterpart for the optimal first-passage problem with Eq. (2) of
this chapter replacing (3.2) of those discussions. When some f;’s are
equal to zero the remark in Chapter 4 holds here as well.

Computational Examples

In order to keep the computations extremely simple we shall
consider a two-state problem with one of the states as the target state.
Clearly, for such a simple case, the optimal policy can be seen by
inspection. However, we shall formally go through the steps of the
various procedures.

Suppose I = {0, 1}; 0 is the target state; K; = 2,4,,(1) =4,4,,2) =
Liwy =3, wy=1

We first use the method of successive approximations. Let vy(1) = 0.
Then

v,(1) = min{3 + $v(1), 1+ 4v,(1)}
= min{3, 1}
= 1

v,()=min{3+4%-1, 1+4%-1}

I
wiftn

v3() =min{3+4%-2, 1+%-

10

0.
On the basis of v5(1), we have that

3, 10 210
29 397

i
N

hence, the approximation to the optimal policy is to take action g = 2
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at state 1. In this case the approximation is, in fact, the optimal action.
Using policy improvement, suppose R, is the policy which pre-
scribes action @ = 1 at state 1. Then

or,(1) = 3 + }og,(1),
and, therefore o, (1) = 6. Since
6>1+40g,(1) -
= 5 ) -

R, , which prescribes action a = 2, is the policy obtained by the policy
iteration; Cp contains only the policies C, and C,; therefore R, is
optimal. To evaluate og,(1), we have that

or,(1) =1 + 40g,(1),
or )
or,(1) = 3.

The primal linear programming problem looks like:

Maximize
Uy
subject to
v, <3 and v, < 1.

Clearly the solution is v, = 3, and since equality is obtained at the

second constraint, action @ =2 is optimal. The dual problem takes the
form:

Minimize
3xy + x4,
subject to
X120, x,20,
gy +ix, =1L

The solution is x,, =3 which yields D,, = 1, as the optimal policy.
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The Finite Horizon Problem as a First-Passage Problem

The finite horizon problem of Chapter 2 can be viewed as an optimal
first-passage problem. Let I' be the state space consisting of all pairs
i"=(,t), iel, t=0,1,...,7 and an adjoined state 0 (say); let
Ky =K, i'el' = (0}, Ko =1,4,p(@) =g @ifi = (i, ),/ = (j, t+ 1)
fori,jel,t=0,1,...,T—1,q;0(@ =1if1"e{(i, T),iel}, gola) =1
and g;.;(a) = 0 otherwise; w;, =w;,,iel,t=0,...,T, and wy, = 0.
Denote by C' the class of all policies. This is merely an enlargement of the
original state space to one where the new state designation includes the
time of observation as well as the original state; state O denotes time
T + 1 without concern for the original state at time 7+ 1. Within this
conception the state O is an absorbing state and a first passage from any
state in {(i, 0), i € I} to state O takes exactly 7+ 1 units of time.

Thus, it should be clear, that to find R € C to minimize Sk (i), i€ I,
is equivalent to finding Re C’ to minimize ox((i, 0)), i € I, where the
“target”’ is the state 0.

This observation coupled with the contents of this chapter point
out that Sy 1(i) can be minimized by the method of successive approxi-
mations, the policy improvement procedure, and by linear prograrnr‘nin .
This is not to say that any of these methods would be superior to
the method of Chapter two. The simple dynamic programming algorithm
is the natural and highly efficient way to solve the problem. However,
when certain types of additional constraints are imposed the dual linear
programming approach may prove useful.

For example, suppose, for a given initial state /, we wish to find
Re Cy to minimize Sy 7(i) subject to the constraint that Sg,r() =
(a given constant). Translated to the first-passage problem this would be
equivalent to finding R € Cy (the stationary Markovian subclass of C)
such that og((;, 0)) 1s minimized subject to og((7, 0)) = 5. Letting
Bioy=1, B =0,i# (i, 0), this problem can then be formulated as
finding {x;,}, to minimize
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62 5 The Optimal First-Passage Problem Problems

subject to Problems

720, ackK,, i'el —{0),
Xpa(0pj — qria)) =By,  j el —{0}

v

(1) Is it possible to put a bound on [v,(i) — or(D,
iel—{0}7

(2) For the data given in Problem 1, Chapter 2, find the
optimal policy using each method.

Q
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If {x,,} is the optimal solution to this linear programming problem, set

Dyy=Xpof Y, X if Y, Xy, >0 and let D;., be arbitrary if ) x;,, =0.
a a a

‘We point out that the policy so obtained will not in general be a member
of Cp' since for at Jeast one state i" a random mechanism will be used for
deciding on which action to take. h

~

Bibliographical Remarks

The optimal first-passage problem was formulated by Eaton and
Zadeh [30]; they called it a “ pursuit problem.”

The transformation (1) is not, in general, a contraction for the I
norm. However, because all states except O are transient, the proof of
the convergence of the method of successive approximations proceeds
along the lines of the previous chapter. Other norms are given by
Veinott [53] for which (1) is a contraction.

A different linear programming formulation involving the minimiza-
tion of the ratio of two linear forms (a problem called a fractional
linear programming problem which can be readily transformed into a
linear programming problem) was first given by Derman [15]. The one
given here circumvents the need for the fractional linear programming
form.

The remark regarding the formulation of the finite horizon problem
as a first-passage problem with application to constrained optimal
policies appears in Derman and Klein [22].




6

Expected Average Cost Criterion
Computational Procedures

Summary

In Chapters 4 and 5, it was shown that the method of successive
approximations, the policy improvement procedure, and linear pro-
gramming provide general methods for obtaining optimal policies for
the discounted cost criterion and for the first-passage problem. In this
chapter, which is devoted to the expected average cost criterion, we
shall see that a special kind of policy improvement procedure and the
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66 6 Expected Average Cost Criterion

methods of linear programming provide general algorithms for obtain-
ing optimal policies.

Policy Improvement Procedure

We first consider the policy improvement procedure. Let R € Cp, be
arbitrary. We let Y

1 T
JR) =lim —— Y qP(R), i,jel
m;(R) Lo T+1,Zoq”( ), ijel,

-

the limit always existing (Theorem 1 of Appendix A). We also have
(Theorem 1 of Appendix A):

my(R) = Z nij(R)qS'tl)(R) = Z qg;)(R)njl(}i) b

=;nij(R)nﬂ(R), ,jel, t=0,1,...,
relations which we shall use throughout.
Consider the equations in {¢;, v;, ... i€ I}:
o+ v, = wg + ‘J; q:,(R)v;, iel (1)
and
2 mi(R)v; =0, iel. (2)
j

Equations (1) and (2) are the essence of the policy improvement pro-
cedure. We shall construct a solution to (1) and (2).

Let E,, E;, ..., E, be the recurrent classes of I under R. Let
E=1{j,...,Jiy be a set of selected states from E,, ..., E,; that is,
Jn€E,,n=1,..., k Define wig = wig — ¢g(i), iel; let W,/ =wj, if

=1
Y, =j,and set t = min{t| Y, € E, t 2 1}. Let ug(i) = Ex{ Y W, | Y, = i},
t=0
ieI; that is, ug(i) is the expected cost under R and the cost structure
{wiz} of going from state i to any of the states in £ not counting the
cost at the time of arrival.
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In constructing a solution to (1) and (2), we first demonstrate that
{pa(i), ug(i), i € I} satisfies the system (1). Then by a suitable modifica-
tion we can construct a solution to (1) and (2). By its definition we clearly
have that

ug(i) = wig + % q:(R)ur(j), iel.
I

However, from Theorem 5 of Appendix A, for any i€ E (say iekE,,
where E, is one of the recurrent classes Ej, ..., E), using the fact that
n,;=0ifj¢ E,,

1
ug(i) = m _;'2;1 nij(R)W3R

1 .
= 24(R) j;‘, n (R)(wjr — ¢&()))

1 . .
" 5B (403, 7 (R0
=0

since

Z 7 (R)Pr(J) = b3 ﬂij(R)lEZE T(R)Wig

jeEn jeEn

= Z 7a(R)Wir

le En

= ¢R(i)-

Therefore,

ug(i) = wig + ZI qij(R)uR(j)
= wig — ¢r(0) + quij(R)uR(j): iel,

and {¢(i), ug(i), i € I} is a solution to (1).
Define
vg(i) = ug(i) — c(i), iel,
where

e(i) = Z i (R)ug(y).

jel
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Since, in fact, n;(R) is independent of i for ie E, (Theorem 4 of

Appendix A), (i) is a function of n when i is recurrent. Notice now
that

;} 7 0r(J) =I§I T (R)(up(j) — (i)
=;§1 T (R)ug(j) — Z,I ”ij(R)IZ_:I T ug(l)

=0, iel
since

Z nij(R)njl(R) = TIu(R), i,lel.

JelI

Hence, vg(i) satisfies (2) for all ie I.
Now we also see, using )" g, (R)n;,(R) = n;(R), that for ie I,
7

Wir +jZE[qij(R)vR(j) = Wi + g[ i (R)(ug(j) — c(i))
=Wig + ZI 41/ (R)ug(j) — (i)

= ¢r(i) + ug(i) — c(i)
= ¢r(i) + vg(i);

that is, {@g(i), vg(i), i€ I} satisfies (1). We have thus constructed a
solution {¢p(i), vg(i), i € I} to the combined system (1) and (2). We can
further state:

LEmMA 1. The numbers {¢x(i), vz(i), i e I} satisfy (1) and (2);
moreover, there is only one solution for which ¢, is constant over each
recurrent class and equal to ¢.(i) when i is transient.

Proof: The first statement was just proven. To prove uniqueness,
suppose the values {¢,, v;, i € I} satisfy (1) and (2) where ¢, is constant
on each recurrent class. By premultiplying (1) by m,(R) and summing
over { € I and using (2) we have

; 7fu(R)¢i =¢r(l), lel. 3)
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Suppose /is a recurrent state. Let E, denote the class of states to which
! belongs. Then since =, is independent of / for i e E,and =0ifi¢ E,,
and ¢; is constant for i e E,, it follows from (3) that ¢; = ¢(i) for all
i€ E,. Hence, for all recurrent states i, @i = ¢g(i). Now letting A; =
vg(f) — v; and subtracting in (1), we have

Ai=Zq:'j(R)Aj’ iel.
J
Iterating, we obtain
A;=Zq§})(R)Aj, iel, t=1,2,.... @
J
Averaging (4)overt =1, ..., Tand letting T — co, we have by Eq.(2),
A= ; m(R) A;

=0, iel.

This proves the lemma.

LEmMMA 2. Givenany a (0 <a < 1) and Re Cp,

Wa(i, o) = (fk% + vp(i) + &x(i, «), iel, %)

where gz(i,0) 0 asa— 1.

‘Proof.' Since Z 4:/(R) ¢r(J) = ¢x(i), it follows on multiplying both
sides of (1) by a’q,{,-')(R) and summing over i that
o pr(l) + o Z,: g (R)vg(i)
=o' Y gl (Rwie + o ¥ g5 (Ryog(l),  t=0,1, ...
i J
On summing over ¢ we arrive at
(1 =)™ '@a(l) + va()

= ¥l @) + (1 — ) ia'-l T aif (R, lel
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Using (2) and the Abelian theorem 1(b) of Appendix B on the last
term of the right-hand side, the lemma follows.

Let Re C;, be arbitrary. For each i e I, define E; to be the set of
actions at state 7 for which

; 2@ Pr()) < Pr(i),
or, if no actions satisfy the inequality, the set that satisfies
X a@¢a()) = ¢(0)
and '
Wig -+ ; 4i/(@)vr()) < wir + q;;(R)vr())

= ¢r(i) *+ vr(D).
Define R" € Cj as the policy which takes an action a € E, in at least one
state i for which £ is nonempty; otherwise, the action taken is the one

dictated by R. Of course, if E; is empty for all i, then R = R'. If R’ # R,
then either

2 4 (R)GR() € dr(D), i€l (6)

with strict inequality holding for at least one i and ¢;;(R") =q,,(R),
Wwigr = W;g- j € I, for each i where equality holds, or

; 9 (R)Pr()) = ¢r(), i€l ™

and
¢r(i) + vr(?) Z wig: + ; 4 (RDv(j), i€l (®)
with strict inequality in (8) holding for at least one i and g;;(R") = g;{R),

wir = Wi j € I, for each i where equality in (8) holds.

LemMMA 3. If R" # R, then
i) = Pr()), iel, ®)
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and
Yoo, o) £ Wr(, o), iel, anearl, (10)

with strict inequality holding in (10) for at least one i.

Proof: From the representation (5) we can write

$rU)
1—«a

¥eli ) = w40 L oL 4 o)+ ) il

If (6) holds, for some o, near enough to 1 we can write for all « > ay,

¢r(J)

1—«

Wi, @) Z Wi + 2 Y, qi,-(R'){ + va(j) + £ a)}

= W + a; q:;(RY¥r(, ), iel,

with strict inequality holding for that i where strict inequality holds in
(6). Thus, Theorem 2 of Chapter 4 applies; that is, policy improvement
for the discounted cost criterion takes place in going from R to R’ for
every o = aq . If (7) and (8) hold, the same can be said. Thus (10) holds.
From the fact that (10) holds and using (5), one sees that (9) also holds.
Thus the lemma is proven.

Let us define the transformation from R to R’ as a policy improve-
ment iteration. Thus, the policy improvement iteration takes a policy
Re Cp to R e Cp such that (6) is satisfied or (7) and (8) is satisfied.
Thus, the policy improvement iteration is analogous to those discussed
in Chapters 4 and 5 though somewhat more complicated. We refer to a
sequence of policy improvement iterations as the policy improvement
procedure. We have: '

TueoreM 1. The policy improvement procedure leads to an
optimal policy within a finite number of iterations.

Proof: Let R, R,, ... be the policies obtained from a sequence of
policy improvement iterations with R, arbitrary. Since there are only a



72 6 Expected Average Cost Criterion

finite number of policies in Cp, and {¥y (i, @), i € I} is a strictly decreas-
ing sequence as long as a policy improvement iteration can be effected,
there is an » for which R, = R,,;; = R (say); that is, a policy iteration
on Rresults in no change of policy. The fact that {¥g (i, @), v =1, ..., n}
is strictly decreasing prevents cycling from occurring within the sequence
Ry, ..., R,. Then we must have

aek;

8a(0) + o8() = minfwi, + T @@}, el QD
and . e

¢r()) = min } q(a)a(), i€l (12)

where K, in (11) is the subset of actions at i such that equality is
achieved in (12). We now show that whenever R is such that both (11)
and (12) hold, then R must be optimal; that is, R is not a local minimum
but is, in fact, an absolute minimum. Suppose R is an arbitrary policy in
Cp. By virtue of (11) and (12) holding together with the argument
employing (5) and its expansion used to prove Lemma 3, we now
conclude that

We(i, 0) = wig +a ; 3;,(R)Yr(j, 0, iel,
for all « sufficiently closeto one. By the method of proof used in proving
Theorem 2, Chapter 4, we obtain the fact that
Y, o) £ Wi(i, o), iel,
for all « sufficiently near 1. From (5) we then conclude that
br() = ¢r(D),  iel.

Since R is arbitrary this proves the theorem.

To spell out the policy improvement procedure, we first start with
an arbitrary R, € C,. We then solve for {¢g (i), vg,(i), i e I}. Given
{¢g,(0), i e I}, we obtain {vg (i), i € I} algebraically by virtue of Lemma
1. For any Re Cp, {¢g(i), iel} is calculated from {n;(R),,jel},

—

Linear Programming Formulations 73

where {n,(R) = ,7;,1,j€ E,} is the unique solution to
ally = Z nﬂ:iQij(R)’

ieEn
Y wmy=1

JEEn

jeEﬂ)

k
(Theorem 4 of Appendix A), and for i ¢ () E,,
n=1
T3 (R) = i a5

k
where «,, = P{Y, € E, for some t = 1| Yo = i}. {sn, [ ¢ U1 E,} uniquely

satisfies the system

%, = Y, 4i(R) + 2 (R,

JeEn i n‘;lE"
Hence {¢g (i), vg,(i), 1 € I} can be obtained algebraically.

Having solved for {¢g, (i), vg, (i), i€ I}, Ry is obtained by a policy
improvement iteration; that is, at one or more i, where possible, an
action a is taken which satisfies either (6) or (7) and (8) with R; = R, at
all other states. This process is repeated until (11) and (12) are satisfied,
at which point an optimal policy is on hand. Unfortunately, ¢g(i) and
vg(i) must be obtained anew at each iteration.

Linear Programming Formulations

We now turn to the linear programming approach to obtaining an
optimal policy. First consider the linear pro gramming (primal) problem.
To determine values of the variables {¢;, v;, i € I}

to maximize

2B

J
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subject to
2000 — 41/(@) + ¢ < W,

Z (5ij - Qij(a))¢j <0,

aek;, iel, (13)
aek,;, iel, (14)

where ;> 0, )" B; = 1 are known constants. The dual problem is to find
J

values of the variables {x,,, y;,,a€ K;,iel}

S g

to minimize ' :
. | X X Wy k
subject to -
X 20, Y20, aeK;, iel,
T Y 5y - au@) =0, jel, -
;xja+Xi:;}’ia(5u_}’u(a))=ﬁp jel. (16)

We consider the primal problem. In what follows, R* € Cp is an
optimal policy.

Lemma. 4. Let {¢;,v;,iel} be any optimal solution to the
primal problem; then“g; = ¢g.(i), i e l.

Proof: From (13) we obtain that
Xi: m(R*)¢; < Z m(R*)Wigs
= ¢rs(D), lel.
From (14) we have that for t = 1, 2,
; a4 R¢; =2 ¢,  lel.
Hence,

;nlj(R*)¢jg¢L: lel.

|
I
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Thus ¢x.() = ¢,, € I. However, from Egs. (11) and (12), we see
that {pga(0), vg«(i) + cPr.(i), i€ I} for ¢ large enough is a feasible
solution to the primal linear programuming problem from which it
follows that ¢; = ¢r(j),j€ 1.

LEMMA 5. Let R e Cp be any optimal policy and {¢;, v;,ie I} an
optimal solution to the primal problem; then

X 005 — qi(R)) + ¢; = wig

J
for every i that is recurrent with respect to R, and
Z (0 — g (R))$; =0
J

for every i e I.

Proof: The first assertion follows from (13) on premultiplying the
appropriate inequality in (13) by 7;,(R) and summing over i. If equality
fails to hold, we have Y m,(R)¢;< ¢g(l) for some Iel; hence,
Y mR)p; < Y. m(R)pg(i), contradicting Lemma 4 and the assumption

that R is optimal. The second assertion must hold since, by Lemma 4,
¢; = dpr.(i)) = ¢p(D), i€ I, and therefore,

Z Qij(R)¢j = ‘JL—: Qij(R)¢RO)
= ¢r())
= ¢;, iel.

Lemma 5 asserts that in any optimal solution to the primal
problem one can always select actions a =a; for each iel such

that Z(éij = %j(‘h’))d’j =0,iel, and z Uj(fsij - qij(ai)) + ¢, = Wig, for
> -

J
all i in a nonempty subset 4 of I. Let R e C}, denote the policy that
takes action a; for ie I.

THEOREM 2. If the states ie ] — 4 are transient with respect to
R then the policy R is optimal.
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Proof: By hypothesis, the states i for which Z v(6;; — q:;(R)
+ ¢; < w;g are transient with respect to R. From (14)Jwe have
Ei: T (R)p: = ¢p(D), el
and from (14) with equality holding,
¢l=;nlj(R)¢j, lel. -

Hence ¢x(l) = ¢, = ¢go(D), [ €1, and Ris optimal. ..

-

CoroLLARY 1. If for some R there exists {v;, i € I} satisfying
Z 0,(0;; — qi(R)) + dre(i) = Wirs iel,
J

Z (0i; — 4:;(R)Pre(j) = 0,

J

then R is optimal.

The linear programming method as suggested by Theorem 2 is to
solve the primal linear programming problem and choose Re Cp, if
possible, by taking those actions for which equality in (13) and (14) are
simultaneously obtained. There may be some states where equality in
(13) is not attained for any action. If we are fortunate in our selection
of actions, then the states where equality is not attained will be transient,
in which case R is optimal. However, we may not be so fortunate in our
selection of actions as to have the states transient where equality is not
attained. We now show that the solution of a second linear programming
leads to an optimal policy. The idea behind the method is that of finding
new values of the variables {v;} which will force equality in (13) and
(14) for at least one decision at every state.

Let {¢;, v;, i € I} be an optimal solution to the primal problem (we
refer to this problem as Problem 1). Let 4 denote the states for which
equality in (13) and (14) is achieved for at least one action. Then by
Lemma 3, I — 4 must consist entirely of transient states under every
optimal policy. Let 4’ be the largest subset of 4 such that for some
action g; satisfying the equality in (13) and (14), we have g;,(a;) = 0 for
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all jeI — A. By Lemma 5 the states in A — A" must also be trans-ient
under an optimal R, because if i€ A — A’ is recurrent under an optlimal
policy, then there exists an action a; (viz. the action in the F)ptlmal
policy) for which the equality in (13) and (14) must hold and, since the
states of I — A are transient, g;;(a) =0,j€ I — 4, which is contrary to

the definition of A4’. .
Let T = I — 4’ and K, denote the actions at state i, i € T, for which

equality in (14) holds. Consider Problem 2: To find {u;, ieT}

to maximize
Uj
ieT
subject to
Z ud;; — ‘Zij(a)) Wy, — Z Uj(éij —q;(a) — b;
jeT jed
=bfa), aeck;, ieT.

We shall show that by solving for {u;, i€ T} and replacing v; by u;
for ie T, we shall be in a position to make use of Corollary [ of

>

Theorem 2.

LEMMA 6. A finite optimal solution to Problem 2 exists.

Proof: From Lemma 5 it follows that there is at least one set of
actions a; € K;,ieT, for which the states ieT are transient. Let
{a;,ie T} be such a set of actions. Then Y, u;(d;, —q:fa)) = byay),

jeT
ieT, has a unique solution (Theorem 2 of Appendix A), say
{u*,je T}. Let {u;,je T} beany solution to the inequalities of Problem
J 2 .

2. In particular we must have

'Zr u(6i; — q:(a)) = bi(a;), ieT,
je
On subtracting, we get

Y () —u)(0y— qy(a)) 20, ieT,

jeT
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from which (since the inverse of I — Q consists of all positive terms)
uj* g uj H .] € T:
and, hence, > w*= Y u;.
JjeT

jeT

Lemma 7. Let {u;,je T} be any optimal solution to Problem 2
and {a;, i€ T} be the actions from which

Ai(a) =bya) ~ Z uj(éij = q;j(a)_).

jeT
isminimized; then A(a;) =0, ie T.
Proof: If Afa;) > 0, then u; + ¢ with ¢ > 0 and small enough would

imply {u;' = u;,j# i, u; = u; + &} is alsQ a feasible solution. However,
{u;} would not then be optimal. ~

We now have

THEOREM 3. Let R be the policy obtained by taking the actions
dictated by the solutions to Problems 1 and 2; then R is optimal.

Proof: The theorem follows from Lemma 4, Lemma 7, and Corollary
1 of Theorem 2.

Policy Improvement, Linear Programming
under Irreducibility Assumption

We now discuss the problem of finding the optimal policy under the
assumption (A): [ is irreducible for every R e Cp; that is, for every
R e Cp, every i is recurrent and every pair of states i and j communicate.

Lemma 8. If (A) holds, then I is irreducible for every R € Cs.

Proof: Let Re Cy be arbitrary and p;; =), DRq,;(a), i, jel. For

——— PU WV SR ——
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iay

some a;,p; = DR g;(a;), where DR >0,iel. Let §=min{D,}.

Hence, p;; = dg;/(a;); i,j€ I. Let Ry € Cp, be defined as the policy that
takes action a = q; in state i, i € I. Since I is irreducible under R,, for
each i, jel there exists an n such that ¢{P(R,) > 0. Consequently,
> 0 for the same value of #. Thus under R every state communicates
with every other state from which it follows that I is irreducible under
R.

If (A) holds, ¢ (i) = ¢ independent of i for every R € C, (Theorem
4 of Appendix A). Consequently, (7) always holds so that the policy
improvement procedure is involved only with inequalities (8). Also since

7;{R) = n.(R) independent of i, Egs.(2) reduce to a single equation. We
7{(R) = n,(R) indep q gle eq

can then alternatively replace (2) by the equation; for example, vg(j) = 0

for some given j e I. Thus, the policy improvement procedure takes the

form of starting with an initial policy Ry € Cp and solving for {¢z,,

vg,(D), i € I}. Then R, is taken to be any policy in Cp, that takes action

a for at least one state i which reduces w;, + Y, ¢;(a)vg,(j). Where re-
J

duction cannot or is not effected, the action a under R, is taken. We
then repeat this process to obtain R,, R3,... until for some #, R, =
R,., at which point R, is optimal.

The linear programming formulation (the primal problem) is to find
variables {¢, v;, i € I}

to maximize

subject to

zvj(éij_qij(a))+¢§wias aekK;, iel. (17)

J

An optimal solution {¢, v;, i€ I} will have ¢ = ¢g. where R* is an
optimal policy and an optimal policy is obtained from the linear pro-
gramming solution by taking an action a = g; in state { where equality
holds in (17). Since, by assumption (A) there will be no transient states,
an action a = g; in state [ where equality holds in (17), will exist for
every iel.
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The dual problem becomes that of finding variables {x,,, a € K;, i€ I}
which

minimize
Z Xia Wia
subject to
x, 20, aek,, iel, '
: Z xia(éi] - Qij(a))= 0, jel, - (18)

> Y %, =1.
Since under (A), {n(R), j €.I} satisfy uniquely the steady-state equations
Z ni(R)(éij - Qij(R)) =0,~ jel,

Z TCJ(R) = 15

J
where n(R)>0,jel, by arguments similar to those employed In
Theorem 3, Chapter 4, we can assert that there is a one-to-one corres-
pondence between the solutions {x;,} to (18) and policies R € Cs given
by

DR — Xia

ia 3
2 Xia
a

aek;, i€el,

and

xia:ni(R)Dﬁy aeKi, lEI

Thﬁs, every solution {x;,} to the dual problem is capable of a policy
interpretation; in particular, ¢z =Y x;,w;,. If, in fact, an optimal

solution is obtained by the simplex method, then the corresponding
policy R will be a member of C, since at least one of the equations in
(18) is redundant and ) x;, > 0, i e I. Hence, for exactly one a = a;,

a

x;, > 0 for each state i.

.

—

- —
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In the next chapter we shall be concerned with obtaining optimal
policies under certain types of additional constraints. Here optimal
policies will be outside the class Cp . It will turn out to be most useful to
approach this kind of problem from the point of view given by the
correspondence between x;, and D, as suggested by the dual problem.

Computational Example

Suppose we have I = {0, 1}, K; =2,i =0, 1, where
w01 sz _ 1 3
Wi W) 40

{(400(1), 900(2)  (g0:(1), 901(2))} _ {(la P (A %)}
(@10(1), 910(2)  (@1:(D), 91,2)) (1, O) (O, 1)

First, we use the policy improvement procedure to find the optimal
policy. Let R, be the policy that takes action a = 1 at state 0 and action
a =1 at state 1. The transition matrix under R, is

iy R S

Clearly moo(Ry) = myo(Ry) =1 and noy(R;) = 7;,(R;) = 0, from which
g, (0) = ¢g,(1) = 1. Equations (1) become

1 + Uo = 1 + UO 3

140, =4+ v,

and

from which vy = vy — 3. From (2) we have v, = 0; hence, v, = 3. Now
3+ Lvg +4u, > 1
and
v =3<4;

therefore R,, action a = 1 at state 0 and action g = 2 at state 1, is an
improvement over R;. The matrix of transition probabilities under R,
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is
{qOO(RZ) 401(Rz)} - (1 0}_
q, O(Rz) q“(Rz) 1
This time 7oo(Ry) = 1, 70;(R;) = 0, myo(R;) =0, 1y (Ry) = 1, where
g, (0) =1, ¢g,(1) = 0. Now

QOo(az)d’Rz(O) + %1(‘12(¢R2(1) = %d’RZ(O) = %Gbxz(l)

©

1 .y
Z

<éaO=1; -

hence R4, action a =2 at state 0 and action a =2 at state 1, is an
improvement over R,. The matrix of transition probabilities under Ry
is

s Qg BN A

Here we must have 7mqo(R3) = 7;0(R3) = O since state 0 is transient
under Ry, while 7m4,(R3) = n1(Rs) = 1. Thus, ¢,,(0) =0, ¢g,(1) =0.
Equations (1) become

vo =3 + dvy + 31,
vy =1y
hence, vy = 6 4 v;. From Eq. (2), v, = 0; thus v, = 6. Now
Wor + Goo(D)vg + go1(Dvy =1+ 6
> §2,0) + vy
=6
and
Wiy + g1o(Dv + g1y(Dvy = 4
> ¢r,(1) + vy
=0.

Therefore, R is optimal.
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We can write the primal linear programming problem: to find

b0, ¢1, vy, and v,
to maximize

oo + 10,

subject to
¢0 é l)
oo — v + 9o =3,
¢ =4,
¢)1 é O ’
9o — 14, <0,
¢O é O t
By inspection, it is seen that an optimal solution is
$o=1¢1 =0, v =v; = L.
Equality in (13) is achieved at state 1 with action a = 2. Equality in

(14) is achieved by actions a =1 and 2 at state 0 and by action a =2
in state 1. Problem 2 becomes: choose u,

to. maximize
Uo
subject to
ug <3+ 14
that is, uy = 7. Setting vy’ =7, v," =1, we get from Corollary 1 of
Theorem 2 that R, action a = 2 at both states 0 and I, is optimal.

Bibliographical Remarks

The policy improvement procedure is due to Howard [34].

The proof of the existence and uniqueness of solutions to Egs. (1)
and (2) given here stems from the approach taken by Derman and
Veinott [26]. Blackwell [6] originally gave a different development of
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representation (5) involving solutions to (1) and (2). Equations like (11)
and (12) appear in Bellman [2]. Miller and Veinott [47] and Veinott
[53] generalize the representation (5); that is they are able to express
Wr(i, o) in a Laurent expansion in p = (1 — o)/a (the interest rate when
o is the discount factor). Just as (5) is crucial to the policy improvement
procedure, the Laurent expansion in p is used to obtain algorithms for
finding policies optimal to more sensitive criteria. In particular, an
algorithm can be given to obtain a policy Optlmal in the sense of
Corollary 1 to Theorem 1 of Chapter 3. Also in [53] a more efficient
method for computmg {pr(D), vr(v), i e I} is given which does not
require computation of the quantities {7;;(R)}.

The linear programming method in the dual form was given first by
Manne [46] for the case where all states belong to one irreducible class
for every policy R € C,. The multiple class case is due to Denardo and
Fox [13], although the first attempted linear programming approach
utilizing the first of the two problems goes back to Balinski [1]. No
satisfactory treatment of the dual problem for the multiple class case
has been published.

Problems

(1) Suppose P is any stochastic matrix and

—}vlfrio N, Z P
(a) Show that the rank of {*;;*} is equal to the number
of rows of P.
(b) Prove that / — P + TI has an inverse.
-(¢) (Veinott [53]) Show that if B is a square matrix for
which lim Z B"/(N + 1) =0, then I — B is non-

N-o n=0

singular snd i — B V= Tm Y 3 B+ 1)

N-own=0 k=0

N
Hint: (I — B) ) B"=1— B"*! for every N.

n=0

Problems

@

3

Q)
©)

©)

(d) As an alternative approach use (c) to prove (b)
giving a representation for (I — P + IT)™".

For the data provided in Chapter 2, p. 17, solve for the

optimal average cost policy by policy improvement and

by linear programming.

Let the costs be as in Problem 2. However, suppose

(q00(1)s 400(2))  (qoo(1), 901(2))  (902(1), 402(1))
(q10(1), 410(2)) (g1:(D), q:1(2)) (q12(1), 412(2)
(420(1); 420(2))  (g21(1), g21(2)) (q22(1), 922(2))

£ &H O

=ik &G0 Oy

0.4 0 @G

find the optimal average cost policy using the policy im-
provement procedure and linear programming.

Show that Lemma 1 does not mecessarily hold if
¢; # Pg() when i is transient.

Show that the optimal set of actions to be taken in the
states of T (defined for Problem 2 in the linear pro-
gramming formulation) are any set which make all
the states of T transient.

Given any subset I’ of I, for which I” is inaccessible
from the states of I — I’, construct an algorithm that will
find a policy R € Cp, if one exists, which has the pro-
perty that all the states in I’ are transient.

85



7

State-Action Frequencies and
Problems with Constraints

Introduction and Summary

Most problems encountered involve cost criteria expressible in terms
of the frequencies of the occurrence of the various combinations of
states and actions as the decision process evolves over time. In seeking
an optimal policy, we have seen in the cases studied that not all policies
have to be considered. In the problems of Chapters 4, 5, and 6 it is
sufficient to limit consideration to the policies of Cj, although for com-
putational purposes, we did allow policies from Cs. The aim of this

87
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chapter is to show that the expected long range state-action frequencies
generated by a decision process under an arbitrary policy can be
reproduced by a policy belonging to C,,, or, under certain conditions, to
Cs or Cp. Once having shown this, we will possess a most useful tool for
enabling us to assert that optimal policies for other problems exist some-
where in the class Cy,, Cs, or Cp. An analogous result will be obtained
for the long range state-action frequencies without taking expectations.
This approach becomes particularly useful when optimization
problems involving nonlinear functions or side constraints are con-
sidered. In such problems, it is not obvious (nor necessarily true) that
optimal policies exist at all, or if they do that one can be found in the
class Cp or Cys. For example, suppose O 1s the initial state of a dynamic
system and j is a state to be avoided if practicable; for example, j may
-represent a state at which the system is inoperable. Only one action is
available in state j and g,0(1) = 1. In other words, when the system fails
it takes a unit of time to make it operable, after which the system is
always returned to its initial state 0. However, there are other states
from which the system may be returned to 0. Each return to O is costly,
although the costs may not be assessable. All that can be said is that
returns to O from failure are more costly than returns from nonfailure
states. Under these circumstances a not unreasonable problem can be
formulated: to find the policy R e C that maximizes the expected time
until a recurrence of state O takes place, subject to the constraint, that
P{Y,=/j,t<1|Yy=0} <a wheret=min{t|Y,=0,r=1},and xisa
given number between 0 and 1. At this point, it is not obvious that an
optimal policy must exist for this problem which is a member of the
class Cp, or Cs. It will be shown later that the expected recurrence time
of state 0, E7, and the constraint can be expressed in terms of expected
state-action frequeﬁcies and that an optimal policy exists in Cs.

Expected State-Action Frequencies

With some apologies for the notation, let

. 1 & . .
x?‘ja(l) = erOPR{YI = Ar =a [ YO = l};

EERi

ot

» il

LR T T

el ¥

[REEE S T,
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in words, under policy R and given Y, =i, x§,(/) is the expected
frequency, up to time T, of entrances into state j where action a is taken.
Let X.R(i) denote the matrix (we assume, with no loss of generality,
K; = K for all i) of X5, (i) overallaeK;,jel

For a given policy R, let Hg(i) denote the set of all limit points of the
sequence { XX(i), T=0,1,...}. Under some policies, at least those in
Cs, Hg(i) will consist of one point. However, for the larger classes this
may not be true. Let

H(1) =RUCHR(1'),

HY(i) = ) Hg(),

ReCpm
H(i))= | Hz().
ReCs
HP() = | Hg().
ReCp

Thus, for example, H({) is the totality of limit points of
{(X;R@#), T=0,1,...} obtainable as R assumes all possible policies.

Further, we let H3(i) and HP(i) denote the respective closed convex
hulls of H5(i) and H?(i).

Some Examples

The following are examples of problems, where the cost criterion
and constraints are expressible as functions of points in H(i) or subsets
thereof.

Example 1. To minimize ¢g(i), the expected average cost. We need
only note that

$r(i) = lim inf (or lim sup) Y. 3 xFi()Wja.

T-w© J

Thus, for some point XR(i) = {x5(i)} € Hz(D),
ba() = 3 T XA

J
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and for some point {X (i)} € H(i) (or, as we have shown in H(i)),
¢g is minimized.

Example 2. Suppose Y, =i. Let t = min{t| Y, =i, ¢t = 1}. Assume
Egt < oo for every Re C. Let

og(i) = Eg ler =2 Y NaWjas
t= Jj a

where 7, is the expected number of ¢ such that ¥, = and 4, = a for
1 <t=<rt.The problem is to minimize og(i). Since the cost criterion o (i)
is involved with the decision only from ¢ = 0 until ¢ = 1, the first time of
reentry to state i, we need only consider the class of policies that ““ begin
again’ every time 7 is entered; we call these ““ renewal policies.” Under
such policies {Y,} is a “recurrent event’ process (see Appendix B),
entry into state i being the recurrent event. For such processes, from
Theorem 6 of Appendix B,

Nja

lim xr;,(i) = =

if Et< .
T- o Et,

However, z 2 = 1 since there is precisely one entry intoifor 1 < < 7.
a

Hence,

-1

Et= (lim Y xm(i)) .
T-w a

(Note, the equation extends to the case where Et = o0; that is, if

Et = o0, then lim ), x7;,(i) = 0). Therefore,

Tow a
2 2 lim xf (w,
GR(i) = a- add R -
Tl_lm Z xTia(l)
Z Z x%ja(l’)wja

= lim 1=

To o Z x};‘ia(i)
a

so that gg(i) is expressible as a function of the points in H(i). In par-
ticular, the problem is to find the point {x§,(i)} in (] Hg(i) which
ReC’

minimizes og(i), where C' is the class of renewal policies.
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Example 3. Suppose Y, = iand risasin Example 2. Let j,, ...,j, # i
be such that g; (@) =1,v=1,...,r. Let
a; =P{Y, #j, 1=2t=t|Yy=1i}, v=1,...,r.

Consider the problem of maximizing Et subject to constraints

In Example 2 it was shown that Et is expressible as a function of points
in H(i). Since Y, =j,, 1 £t <, for at most one ¢, it follows that

aj,=1=Y 10 v=1,...,7.
a

However, since 7, are expressible as functions of points in H(i), the
problem can be expressed as finding that point in H(i) which maximizes
Ez subject to the given constraints.

The Main Theorems and Applications

We now proceed to the main theorems.

Tueorem 1. Let Yo =i, R;,..., R, eC, {f,}34,20, ) B,=1.
v=1

Then there exists an R € Cy, satisfying

XTR(i):ZIﬁ,,}.”}"(i), forall T.

- Proof: Consider a policy generated by selecting R, (v =1, ..., n}at
random according to selection probabilities f,(v=1, 2,...,n); that
is, introduce an initial randomization over the policies R, ..., R,.
Denote this policy by R. Strictly speaking, R is outside of the class
C of all rules which we are considering since R not only depends on
the history of the process but also the outcome of the initial random-
ization. However, R is a policy from the use of which {Y,, 4,, =0,
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1, ...} is a stochastic process. Define
Dj(t) = Pp{4, = a| Y, = j}
=Pgldy=alY, =], Yo=i}

:PR{Yt=j5 A,:aiYozi}
Pe{Y,=j| Y, = i}

UZ1 PoPr{Yi=Jj, A=alY,= i}

5 BPait,=j1 Yo =)
We shall show for every £t =0, 1, ... that
Pe{Yi=j, 4 =alY,=1i}
= PalY, =), A,=al|Y, =i}

:ZﬂUPRU{},t:j? At=a'YO:i}’ GEK'5 JEI (1)
v=1 ’

For t = 0 and j # i, Eq. (1) holds trivially since both sides vanish. For
t=0andj=1i,

n

Pe{Y =1, A0:a|Y0:i}=ZﬁuPR.,{Y0:i’ AO:'GIYOZi}

v=1

921 BoPr Yo =1i, Ag=a|Y,=i}

LB PriYo=1ilY=1)
= Pp{do=al¥, =i}
= Pp{Y, =1, Ao = 1] Yy =1},

Hence (1) is true for #=0. Assume (1) is true for =0
Now :

Pe{Yr =], Ar=alY, =i}
=Pe{Yr=j|Yo=i}Ppldr=a|Y;=j, Y,=i}
= Pp{¥r=j| Y, = i}DE(1).

b ey I — 1,
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However, by the induction hypothesis
PelYr=jl Yo =i} = Zz: Z PelYr_y =1, Ar_ =alYy= i}‘hj(a)
:ZI:ZPR{YT—l =1, Ar_,=alY,=i}q;(a)
:PR{YT:flyozi}-
Hence,
Pe{Yr=j, Ar=alYy=i}=Pe{Yr=j| ¥, =i}DX()
= Pp{Yr =j| Y, = i}D}(1)
=Pr{Yr=j, Ar=alY,=1i},

and the induction argument is complete.

COROLLARY 1. Let Hg(i) be the set of limit points of {X;%(),
T=0,1,...}; then there exists an R € C), such that Hz(i) = Hg(i).

Proof: Since X7R(i) = X R(i) for every T'if R s the policy constructed
in Theorem 1, the corollary is evident,

The significance of Theorem 1 and its corollary is that for any
optimization problem involving expected frequencies of state and
decision in its cost criterion and constraints, only policies in C¥ need
be considered. That is, if R, (say) is any other policy that is optimal it
can always be replaced by a Markovian policy R which is also optimal.

However, more can be said along these lines.

THEOREM 2. H(i) = HM() = H”() = H%(Y).

Proof: First we prove that H(i) = H”(i). Suppose the contrary; that is,
there exists a point X’ ={x/,(i)} € H(i) not contained in H”(i). Since
HP(i) is a closed convex set there exists (Theorem 1 of Appendix C)
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a set of numbers {w/,} such that
2o WiXja< inf Y Y WiaX (1)
j a XeHD() j a
However, X" is a limit point of some policy R € C. Hence,
Z D WiaXi(D) 2 ¢r'(F) = lim inf ), ) wix @).
j a T j oa
However, by Corollary 1 of Theorem 2, Chapter 3, there exists an
R* e C), such tllat CM"@ < ¢r(i). Thus we have a éontradiction. We
now prove that H%(i) ="H(i). Clearly T%(;) > H"(i) sincé H5(i) > H2().
However, H(i) ¢ H(i) and consequently, H*(i) = H(i), the closed
convex hull of H(i). But since H(i) = H°(i) we must have H(i) = HP(D).
Therefore H%(i) = H?(i) and the equality is proved. The fact that
H(i) = H™(j) follows from Theorem 1 and its corollary with n=1;

H™(i) > H"(i) follows from Theorem I applied.to the policies R;, ..., R,
being sclected from Cj,. The theorem is proved.

As an application of Theorem 2 suppose f(+) is a continuous
concave function defined over the closure of the points X:*(i), Re C,

T'=0,1,.... With Y, =i, we wish to choose an Re C to minimize
lim inf F(X:R(D)).
T ’
Let X* € H(7) be such that f(X*) = min S(X). Since H(i) = H?(;),
XeH(i)

and f(X) is concave, it assumes its minimum (Theorem 2, Appendix B
and Theorem 2a, Chapter 3) at an extreme point of H2(i). However, every
extreme point of HP(i) is equal to HX'(i) for some R* e Cp. Thus’
for some R* e C,, ,Tlin; XrR(i) = X®(i) = X*, andsince fis continuous,

Thg FXT@D) = f(X™ ()

= f(X")
= min f(X)

X e H(i)

=min lim inf f(X2(1)).

ReCT-w

Therefore, f can be minimized by a policy R* e Cp.

oy

= = .y
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TueoreM 3. If I has at most one ergodic class for every Re Cp,
then H(i) = H%(i).

Proof: In much the same way as Lemma 8 of Chapter 6 was proven
we can show that if I has at most one ergodic class for every Re Cp,
this also holds for every R € Cs. We shall show that under the hypo-
thesis, H3(;) is closed and convex, in which case, H%(i) = H%(i) and the
theorem follows using Theorem 2. For each .Re Cs, let X = {x;,} =
{n2D%} where =% is the steady-state probability or long term expected
frequency of state j under policy R. Let R* and R** be any two policies
in Cs with X* and X** being their corresponding matrices. Let
X =BX*+ (1 — B)X** where 0 < < | is arbitrary. In order to show
that H5({) is convex, we need to show that X corresponds tc some
R e Cs. We note that X satisfies the system (the steady-state system of
equations and inequalities)

x., 20,

a2
X502 0,

Ei.gxiaqij(a)=§xmzo, jel,
Zina=1

since X* and X** satisfy the system. But we know that there corres-
R

. ponds a policy R € Cy yielding X = {n,*DX}; namely D, = x,,/> x;,,

if )" x,,>0, and D, arbitrary, if ) x, =0. Hence H%(i) is convex.

To show that H5(i) is closed, let {R,,v=1,2,...} be a sequence of
policies in Cg such that {X,,v =1, 2, ...}, the sequence of correspond-
ing X matrices, converges to X. We need to show that X e H(i). Since
Cs is compact we can assume that {R,,v=1,2,...} converges to
R (say) € Cg, for otherwise we can select a convergent subsequence of
{R,} that does converge. However, the transition probabilities {p;;}
are continuous functions of the policies in C and since the steady-state
has a unique solution (Theorems 2 and 4, Appendix A), we must have
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that X corresponds to R. Thus H%(i) is closed as well as convex and the
theorem is proved.

As in the application of Theorem 2, let f() be a continuous func-
tion over the closure of the possible points X~() for all Re C, T = 0,
I,..., for a given Y, =1. Suppose the problem is to minimize
iin:o inf f(X7R(i)) over Re C subject to the constraint that HR() < G,

a given closed subset of H(i). Since f'is continuous?a'n‘d G is closed, an
optimal policy will exist. Let R* denote an optimal policy with
}}ﬂm inf f(XF'(0) = f(X*). Then by Theorem 3, there exists an R** e C;

such that X** = X* where X** is the X matrix corresponding to R**,
That is, R** is also optimal; consequently, in seeking an optimal
policy, we need only consider those policies in class Cy.

Let us return to the problem described at the beginning of this
chapter which is also Example 3 with i = 0 and r = 1. It was shown in
Example 3 that Et, the expected recurrence time, and the probability
under constraint are expressible as continuous functions of points in
H(i). Under reasonable conditions on the laws of motion the hypothesis
of Theorem 3 will hold. Thus, it is possible in accordance with the
above remark to restrict consideration to policies in Cs. However, for
policies in Cjs it is readily seen (Theorem 5 of Appendix A) that
Erv=(m")"" and Pp{¥, =/, 1 <1< 1| Yy =0} = % /m,R. Thus, we
can state the problem as that of minimizing 7,® subject to the constraint
that 7R < 4R, where « is a given number 0 < « < 1. This problem can
now be put into the linear programming form:

Minimize
Z an
a
subject to
Xia g 0: ie l )
Z Xia = ) Xiq qu(a), iel,
a a

IRl X s

U ) ——— S )
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Z Z xia = 1 ’
i a
Z xia o Z X0a-
a a

Letting D;, = x;/Y x;, if . x;, >0 or D,, arbitrary otherwise, yields

lIA

the optimal policy R e Cs.

In Theorem 4 of Chapter 3 we proved that og(i) is minimized by a
policy Re Cp,. We now provide an alternative proof. Repeating the
statement of the theorem: ’

THEOREM 4. Let j be the target state. If Pp{Y, =/ for some
t=1]Y,=i}=1forevery Re Cp, then there exists an Re Cp such

that

or(i) = min ogx(i), for i+#j.
ReC

Proof: Define q;(a) = f when i +# j, where 1 + 1/f is equal to the

number of states in I. Since w;, = 0, we can define for every R e C,
or()=F Z or(i).
tef={j}

(Note, in each case t denotes min{¢| Y, =j, ¢t = 1}.) Clearly, if R
minimizes og(j), it will also minimize og(i) for each i #j. We first
argue that Eg{t|Y, =j} < co for every Re C. In Example 2 of this
chapter, we have that Eg{t| Y, =/} =(lim Y x’}ja)_l, where R is any

T a
policy in the class of ““ renewal” policies. However, under the hypothesis
of the theorem and the definition of ¢;,(a), the stdte space [ is irreducible
for every Re Cp. Hence, by Theorem 3 if an R existed such that
Eg{t| Y, =j} = o, then there must exist an Re Cg such that
Eg{t|Y, =j} = co. But from Markov chain theory (Theorem 6 of
Appendix A) this cannot be the case. Hence Ex{t| Y, =j} < oo for all
R. Now from Example 2 we also have that gg(J) is expressible as a con-
tinuous function of points in H(i). In fact it can be shown that this
function assumes its minimum at the extreme points of H(i) = H"(i) (the
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equality of these two sets given by Theorem 2). Thus by the argument
used in the application following Theorem 2, there exists a policy Re C,,
that minimizes ox(i). This proves the theorem.

State-Action Frequencies

The first three theorems of this chapter deal‘with expected state-
action frequencies. In some applications it is desirable to have similar
statements concerning the “sample frequencies: that is, the actual
fr/equencies of state-action combinations without taking expectations.
If Re Cs, the long-run frequencies and expected frequencies coincide

with probability 1. However, if R ¢ Cs this may not be the case.
Let X

~

Zija=1, if Y,=j, A,=a,
=0, otherwise .
Let
= 1 T
“rie = T

and Z denote the matrix of quantities {Z1;4}. For afixed R, denote by
@ a sample sequence of the joint process {Y.,4,,t=0,1,...}. Let
U*(w) be the set of limit points of {Z,X, T = 0,1,...}. We have

THEOREM 5. For each R e C, Px{UR(w) = H} = 1, where 7 is the
closed convex hull of { ) H?().

Jjel

Before proceeding to the proof of Theorem 5, we shall need a
preliminary inequality. Using the notation of Chapter 2, we set
T
V:*() = min E{ W, | Y, = i}. We state:
=0

ReC

LemmaA 1. lim inf min V*()/T = min min o).
T- o iel iel ReC
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Proof: If the inequality were not to hold, there would exist a
sufficiently large T and state i, recurrent with respect to some policy
such that

Vr*(i) < T min min ¢g(i),
iel ReC

from which one could construct a policy R with a ¢y (i) smaller than

min min ¢g (i). We leave the details to the reader.
iel] ReC

Proof of Theorem 5: Suppose the theorem is false. Let R be a policy

“such that Pp{U®(w) = H} < 1. Then there exists a sphere .S with posi-

tive radius such that S N H =, the null set, and P{U%(w)() S # &}
> 0. This is so since H, the complement of H, can be covered by a
denumerable number of such spheres S,,v=1,2, ... and

PelU@) (Ve # B} S 3 Pa(U@)()5.}-

Since H is a closed and bounded convex set and S is convex and the two
sets are disjoint, the two sets can be separated by a hyper-plane; that is,
by Theorem 1 of Appendix C there exists a set of numbers {w,,}, ae K,
iel such that Y Y wyr,> ZZ WS, for all r={r,}eH and

§ = {s8;,} €S. Let W, =w;, when Y, =i, 4, = a and note that

1 I _
= YW= Y Wi Zrias
Tride =22 el
so that
1 _
. . W: WinZ[a
fm inf T LM 2L

for some point Z = {Z;,} in UX(w). We intend to show that the set of

1 Z .
W, < min Wi i, has at most prob-
T+ 1 IZO ' reHd Z Z

ability 0. If this is the case we must have P{U®w) (S # &} =0, a

w’s such that lim inf
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contradiction proving the theorem. For a fixed N let

ulN
B,= Y W, wv=1..,[T/N],
t=(v=1)N+1
'
B= Y W, if [TIN]J<TIN,
t=[TINJN+1
=0, if [TIN]=T|/N,

where [T/N] is the greatest integer less than oﬂr‘e'qual to T/N. Clearly
iB,,v=1,...,[T/N] and |B'| are bounded and . .

-

Ex{B;| ByswusyBy_ 1}

vlN
Zmin ) ) wj, 2 PR{Yr:O; Ar=a| Y- yv =1}
iel j a t=(-1)N+1
N N
-mlInZZ ZPR{Y~], A =1i|Y, =i}
ie Jj a =

> min{Vy*(i) — max w;,}
iel aekK;

> min V*(i) — max{w,}.
iel

By Lemma 1, for any ¢ > 0, there exists an N such that

max |w,|
I a E
N <2
and
min Vy*(i)

iel . . N
2= min min ¢g(i) — =
N iel ReC R( 2

_zzwm m_

where r* = {r*} is such that Z Z wi r;, = min min ¢g(i). Thus, for the

iel ReC
value of N and forv=1,..., [T/N ] (the greatest integer less than or

equal to T/N), we have
ER{BulBl9 '-':Bu——l};szwiarltl_Ne‘

ia Hl
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However, by Theorem 5 of Appendix B, we have
}rljn [T/N]™ 3 Z {B E(B,| By, ..., B, )} =0
with probability 1. Consequently,
11_11’11 inf[T/N]~ ¢ Z B, >N(Zzw o )

with probability 1. But then, with probability 1,

T
lim inf W,
T + 1 zlz‘:o ¢
[T/N]
= lim 1nf {Wo + Y B, + B’}
To o 1 v=1
[T/N]
> lim inf Z B, + lim mf (B’ + W)
T—o o T— o
[T/N]
— lim inf ,
T-w + 1,51

= N"!'lim inf[T/N]~ ¢ Z B,

T-ow
gzzwiarfa_s
i a

Since ¢ is arbitrary, we have

7
lim inf YWY w,rk
T 1t=0 i a

with probability 1, and the theorem is proved.

As an application, suppose f(-) Is a continuous function defined
over the closure of the possible values of Z, T=0, 1, ... and H, and
it is of interest to find Re C which minimizes E lim inf (Z;) (as

T o

distinct from minimizing lim inf f(X7) = lim inf f(EZ;)). Assume that,

T-ow T- o

for each R e Cyp, I is irreducible. Then H = H5(i) = H° independent of
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i by Theorem 3 and Theorem 4 of Appendix A. Since f( ) iscontinuous,
then lim inf f(Z;) = min f(r) = f(r,) with probability 1. Hence,
T- o red

Elim inf f(Z{) = min f(ro).

Since H = H°, there exists a policy R € Cs such that lim Z; = ry with
T-w

probability 1. Therefore, under this policy, Ex lim inf f(Z1) = f(r,).
T o

Bib/liog’raphical Remarks

Theorem 1 is a slightly more general form of a result obtained by
Derman and Strauch [25]. The general form was given by Strauch and
Veinott [50], from which follows the equality of H(i) with H™(i) in
Theorem 2. The remaining results of this chapter are due to the author
[16, 18].

8

Optimal Stopping of a Markov Chain

Statement of the Problem

Let us suppose {Y;, =0, 1, ...} is a finite state Markov chain with
stationary transition probabilities {p;;}. Let us suppose there exists an
absorbing state 0 (that is, pyo =1) in the state space I such that
P{Y, =0 for some t=1|Y, =i} =1 for every i€l Let {w;,iel}
denote nonnegative numerical values associated with each state. When
the chain is absorbed at state 0, we can think of the process as having
been stopped at that point in time and we receive the value w, associated

103
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with the state 0. However, we can also think of stopping the process at

any point in time prior to absorption and receiving the value w; if i is

the state of the chain when the process is stopped. If our aim is to

receive the highest possible numerical value and if wy < max{w;}, then
iel

clearly we would not necessarily wait for absorption before stopping

the process.

By a stopping time 7, we mean a rule that prescribes the time to
stop the process; © = ¢ means that the process is stopped at time ¢ and
the information for stopping the process at time ¢ miust be confined to
the values of the variables Yy, ..., Y,. We shall assume for all stopping
times t considered that if 1, = min{z| ¥, =0, t = 1}, then 7 < 1.

By a stopped process {Y,,t=0,1,...} determined by a stopping
time T we mean

Y=Y, t <1,.
=¥, if t>r1.

The problem of this chapter is to determine the stopping time ¢ such
that E{w, | Y, = i}, i€ I — {0}, is maximized. .

Stopping Problem as an Expected Average Gain Problem

We first remark .that an optimal stopping time does exist and in
fact is of the form that the prescription as to when to stop the process
need only be a function of the state of the process at the time of stopping;
that is, I will be dichotimized into states where the process is stopped
and states where the process is not stopped. To see this we need only to
observe that the problem can be reformulated so as to be of the form
discussed in Chapter 6. At each state there are two possible actions.
Action 1 continues the process according to the transition probabilities
{pi;}; action 2 at state i transforms / into an absorbing state. At state 0
the two actions coincide. That is,

9:(1) = pij» 9:(2) = 6;;, iel, jel.
Set
wy =0, Wiz = Wy,

iel— {0},

2o dpmas et i
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and

Wo1 = Woa = Wo .

Consider the problem of maximizing ¢g(i), the expected average cost
per unit time, over all possible policies in C. Notice that the class of
stopping times is a subclass of the class C of all policies. This is the
subclass of policies such that whenever action 2 is dictated at a state i
and time ¢ = 7, then action 2 is dictated for all ¢ > 7. Notice also, that
for such a policy R = 7 (say), $z(i) = E{wy_| ¥, = i}. Thus max ¢z(i) =

ReC
max E{wy_| Y, =i}. However, by Theorem 2, Chapter 3, or its
-
Corollary 1, ¢x(i) is maximized for each i€ I by a policy Re Cp. But
each R e C, is a stopping time since, if action 2 is prescribed at state i,
the process will remain in state i and continue to prescribe action 2.
Thus,

max $a(i) = max dx(i)
ReC ReCp

= max E{wy_| Y, =i}, iel,

where the optimal stopping time t is the policy R € Cp, that maximizes

d)R(i): L€ I
Of course, it follows that the computational methods of Chapter 6
can be used to obtain an optimal stopping time.

A Different Approach

We return to the original problem formulation of this chapter and
offer another approach. Let
M(i) = max E{wy_| Y, = i}, iel.

By the remarks of the previous section, the optimal stopping time 7
need only be a time invariant function of the state of the process, so
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that we have the dynamic programming functional equations
M(0) = w,

M(i) = max{wi, ZJ: pijM(j)}, )

iel —{0};

thus, the optimal stopping time takes the form of stopping the process

at those values of [ where w; = Zp,-j M(j),iel. If M(@),iel, were a
J

known function, the optimal stopping time would. be known. The
following discussion is intended to provide methods for determining
M), iel. .

By a super-regular function f(i), i € I, with respect to {p,;}, we mean
a nonnegative function satisfying

S f()S f(),  iel. #)

We first prove:

Lemma 1. Let t be any stopping time. If (i), i € I, is any function
such that f(i) = w;, 7€ I, then

E{wy | Yo =i} S E(f(Y)| Yo =1}, iel.

Proof:
E{f(Y)| Yo =i} =Y E{f(¥)| Yo =1,
=Y fP{Y, =] Yo =1)

> Y wP{Y.=j| Y, =i}
J

Y.=jiP{Y, =)l Yo =1}

=Y E{wy | Yo=i, Y.=j}P{Y.=j|Y,=1}
J

= E{wy | Yy =i}.
LemMA 2. Let t be any stopping time. If (i), i € I, is super-regular,

then

E{(f(Y)|Y, =i} <f(), iel.

dop g,

:

e ¢ ot e S kit
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Proof: Let Q be the space of all sequences w = {i,, k=0, 1,...},
where the range of each coordinate of w is I. Because {Y,} is eventually
stopped or absorbed at 0, all the probability mass on Q is concentrated
on a denumerable subset of Q. In what follows, P{w} isto beinterpreted
as P{Y,=1i,k=0,1,...}. Let E, denote any subset of ) determined
by conditions on iy, i, - .., I, (that is, on the first » + 1 coordinates of
). Since f'is super-regular, we have

Z}Jz Plw| Y, = i}f(Y,,H(a)))
==ZZZHuY—lnH=ﬂn=ww

weky |
= ZE ZZP{UJ Y, =1Y=i}p; ()
< 3 TP, Y,= 1% =050
Z P(w Y, = i) f(¥,(w)).

Recall that {¥,,n=0,1,...} denotes the stopped process. We now
show that foreach n =0, 1, ...,

E(fI) Yo =i} £fG), iel. 3)
Noting that {w|t<n} and {w|t > n} are both subsets of Q of the
form E,, we can write using (3)
(T Yo = 1)
= ) (s s(@)P{w]| Yo = i} +

{wlz>n) wlz

f(Y,.H(w))P{wl Yo =i}
( 12> )f(Y;H-l(w))P{wl Yo = i} " - f(f’n(w))P{wl Yo =1}

Y f(Y()Plo|Yo =i} + Z f(Y(w))P{wlYo—l}

Il/\

Hl\

wlr>m wfr=n)
'Z> }f(Y(w))P{wl Yo=1i}+ Z( X ()P{o] Yo =i}

=E{f(7n)|Yo=l}-

Since E{f(¥,)| Y, =i} =f(i), Eq. (4) holds on iterating the above
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inequality. Since 7 < oo with probability 1 (because 7 is less than or
equal to the time of absorption at state 0), we have that lim Y (w) =

Y (w) with probability 1.
Since interchange of limit and expectation are valid here, we have
E{f(F)| Y, = i} =lim E{f(¥,)| Y, = i}
=< f(i), iel..

and the lemma is proved.

" We now define the smallest super-regular function dominating
{w;, i e I} as that function {s(i), i € I} satisfying the conditions that
(i) s is super-regular,
@ sz w,iel, .
(iii) s(i) = (@), i € I, whenever fis super-regular and f(i) = w;, i € I.

If fand g are two super-regular functions then 4 = min(f, g) is also
super-regular since

¥ oy min(/), 90)) < mi (¥ £y SO). T a0

< min(f(j), g(j)), = iel.

Thus, s can be defined as the lower envelope of all superregular func-
tions dominating {w;, i € I}. Clearly, one and only one such function

exists.
The main result relating M(i) to the notion of the smallest super-
regular function dominating {w;, i€ I} is

"THEOREM 1. The function {M(P), i e I} of (1) is equivalent to the
smallest super-regular function dominating {w;, i e I}.

Proof: Clearly M(i) satisfies condition (ii). Also, from Eq. (1), if

M@) =w;, then M() =) p,;M(j); otherwise, M@ =) p,M(®j).
j j

Hence, condition (1) holds. To show that condition (iii) holds, suppose f

is super-regular and f(i) = w;, i € I. Let 7 be the optimal stopping time.
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Then for each i € I, by Lemma 1 and 2,
M) = E{wy | Yo =1i}
S E(f(Y)|Y, =i}
=f().

Thus, condition (iii) holds and the theorem is proved.

We now can determine {M(i), i € I} by solving a linear programming
problem as given in:

TreoreMm 2. If {v;*,iel} is an optimal solution to the linear
programming problem to

minimize
Z U;
iel
subject to
Z Dij by =,
J 5
iel,
v = wy,

then M(i) =v;*, iel.

Proof: From the constraints of linear programming problem, the
function {v;*,iel} is super-regular and dominates {w;,iel}. By
Theorem 2, s(i) = M(i), iel. If {M(i),iel} is not equal to {v;*, iel}
then M(i) < v;*, i e I, with strict inequality holding for at least one i.
However, then {v;*, i € I} cannot be the optimal solution to the linear
programming problem, a contradiction proving the theorem.

Another method for calculating {M(i), ie I} is a method of suc-
cessive approximations. Let {f,(i), ie I} be a given function. Define
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recursively, f,(i) = max{f,(i), Zpijf,,_l(j)}, iefforn=1,2,.... We
J

have:

TreOREM 3. If fo(i) = w;, i€ I, then M(i) = lim f£(i),iel.

n—+w

Proof: It is easily established that f£(i) = Elpy | Yo =1i},i€el,
where t, is the optimal stopping time among the class, of all stopping

numbers such that © < n with probability 1. As {£,} is 4 nondecreasing
sequence with £,(i) = M(i), i€ I, then f(i) = lim £,(i) < M(i). We also

n—o

have
£ = maxfw, 3 5, S0, L el

and clearly f is a super-regular function that dominates {w;,iel}.
However, by Theorem 2, we must have that f(i) = M(i), i € I, so that the
theorem is proved.

A third method for calculating {M(i), i e I} is to solve the system
(1). That this is true follows from;:

THEOREM 4. If {f(i), ie I} satisfies
S(0) = w,
f = maxw, Ty fG)), 1ol (0),
J
then f(i) = M(i),ie l.
Proof: If {f(i),iel} satisfies (1) then it is super-regular with

f@) z w;, iel. Since M(i) is the unique smallest super-regular function
dominating {w;, i e I}, then

Ar=f() — M)

=0, iel.
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On subtracting M(7) from f(i) in (1), we obtain
Ay b A, iel.
i
However, on iterating, we obtain that

A,<2p(')A iel,

and since j = 0 is an absorbing state with all other states being transient,
lim p{ = 0 for j # 0. Thus

t—=0

which proves the theorem.

It is sometimes possible, without knowing {M(i), i € I}, to determine
that a state 7 as one at which the process is stopped under an optimal
stopping time. More explicitly we state: :

THEOREM 5. Let {f(j),je I} be any super-regular function that
dominates {w;, j € I} (thatis, /(j) = w;, je I). If for some, ) p;; (j) =
7

w;, then M(i) = w;; thatis, i is a state where the process is stopped under
an optimal policy.

Proof: Since w; £ M(i) < f(i),

M(i) = maX{w,-, ngM(J‘)}

< maX{wi, ;puf(j)}
—_

hence, equality must hold.

See Problem 3 for an application of Theorem 5.
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Computational Example

" Suppose I =0, 1, 2, where

Poo Por Poz 1 00
Pio Pi1 Pz =1{% % ¥
P20 P21 P22 ¥4

o

and (wq, wg, w,) = (0,2, 1). We want to find < to ‘minimize Ewy_.
Let us solve for M(i), i=0, 1, 2, by linear programming. Since we
know that M(0) =0, the linear programming problem can be stated
as finding those variables v;, v,

to minimize

vy + 0,
subject to
—4$v, +40, 20
—30, +40, 0
and

Solving, we find v;* = 2, v;* = 1 as an optimal solution. Thus, M(0) =
0, M(1) =2, M(2) = 1, where

wy =2
>42+1)
and
w, =1
<42+ 1).

Thus, the optimal stopping time is always T = 0.
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The Dual Linear Programming Problem

Let us consider the dual linear programming problem for obtaining
{M(i), i e I'}. First, it is convenient to rewrite the primal problem:

Minimize
Z Biu;
subject to
5 2l iel,
Z (01 — piju; > _Z (0 — Pipw;

J

=Yi» iel (SaY)'

This problem was obtained by setting u; = v; — w; in the original primal
problem; the constant term in the objective function has been dropped.
The dual problem is:

Maximize
Z YiXi
i
subject to
X 2 O> l € I 2

lzxi(éij-pij)éﬁj’ jel.
From Theorem 2 of Appendix A, one can argue that for every
possible stopping set S, the values {%;}, equal to the expected number of
entries into state i from time ¢ = O up to but not including the time of
entry into S, where P(Y, = i) = f§;, i€ I, are feasible solutions to the
dual problem. However, the objective function under one of these
solutions for t given by the stopping set S, can be seen to be Ewy,
— > B;w;. Thus if S is the optimal stopping set, the objective function
must equal ) f,u;, where {u;} is the optimal solution to the primal
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problem. By the duality theorem (Theorem 4 of Appendix C), at
least one optimal solution of the dual problem must be {X;}, where S is
the optimal stopping set. In any case, using Theorem 4 of Appendix C,
part of the optimal stopping set can easily be extracted from the dual
problem solution; namely, set u; =0 when the jth constraint in the
dual problem solution holds with strict inequality prevailing. However,
u; = 0 implies that j e §.

Some Other Forms of the Stopping Problem

The problem formulation of this chapter includes the case where a
cost is incurred for each period that the process continues. The cost can
be a function of the state of the process; that is, there is a cost c; each
time the process is in state i, i € I. The problem is to maximize

E{WYt — ZOCY:I ¥ = i}, iel,
1=

by selecting the best stopping number t.
Let

C) =B Fenlo=i], et

where t7; denotes the stopping time that waits until Y, = O for the first
time; that is, 7, = min{¢t| Y, =0, # > 1}. For any stopping time t, let
us note that

E{ ;\j cyc]Yozi}

t=t+1

18

E{ Z C}’=|Yt:js' Yo =1, T:n}

t=t+1

5

0

Yo=j, t=nlYy=i}

il

n

X
)
—_~

M8

X

J 0

=Y CGP{Y,=j|Yy=1i}, iel.

J

CHP{Y. =), 1=n|Y,=1i}

E
]
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Then, for any stopping time <,

E{wy, — Y cy,| Yo = i}'
50

T

= E{wy | Y, = i} +E{ PR S :i}~C(i)

t=t+1

=Y w;P{Y.=j| Yo =i} + 1 C(HP{Y, =i} — C(i)
=2 (w; + CONP{Y. =j1 Y, =i} = C()
= E{wy, + C(Y)| Yo = i} — C(i).

Therefore, on letting w,” = w; + C(i),i e I, and solving the original
stopping problem with respect to the values {w;, i € I}, we will obtain
an optimal stopping time for the problem with costs.

The problem formulation also includes the problem of finding a
stopping time 7 to maximize

E{atWyt| YO = i}, iE I,

where o is a number between 0 and 1. It is well to note that for this
problem, it is not necessary to have an absorbing state in order to have a
nontrivial problem. The presence of the factor o makes it imperative
that we do not wait too long before stopping the process. However,
we now show that by introducing an additional state, the problem can
be reverted to its original form.

Let us consider a related Markov chain {Y,’, t=0,1, ...} over the
state space I' = I U {0} where 0 is an absorbing state of {Y,, =0,
1, ...}. More specifically, we let poo = 1;p/o =1 —0a,iel;p; = ap;;,
i,jel;w, =0, w/ =w;,iel For any stopping time 7’ to stop the
process, {Y,, t =0, 1, ...}, which is a function only of the state of the
process, relate the stopping time t to stop {Y,, =0, 1, ...} by defining t
to stop {Y;} at those states i # 0 at which 1’ stops {¥,'}.
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However, for any stopping time 7', we have
E{wy | Yo' =1}

_Y SwiP¥ =i v=1Y%=1)

jelt=0

=,
jelt

Y, #0, 1<n<t, v =t|Y,=1}

s

w/P{Y; =,

0

=) YwaP{Y,=j, Y,#0, 1sn<t, t=t[Y=1i}

jelt=0

= E{a"wy, | Yo = i}.

Thus, if ©’ is optimal for stopping {Y;’, =0, 1,...} in order to maxi-
mize Z{w'y._| Yy =i}, i€, then 1 is optimal for maximizing

E{a'wy | Yy =i}, iel.

We point out that just as the maxiniization of E{wy_| ¥, = i} can be
viewed as an expected average gain maximization, the maximization of
E{«"wy_ | Y, = i} can be viewed as an expected discounted gain maximi-
zation. The constant « being the discount factor. We leave the details
of establishing the equivalence to the reader. Of course, then, the
computational methods of Chapter 4 are applicable.

Bibliographical Remarks

A substantial literature exists with respect to the problem of when
to stop a stochastic process. Much of the literature involves the methods
of martingales. Papers by Snell [49], Derman and Sachs [24], and
Chow and Robbins [10] are early works along these lines. The methods
presented in this chapter are due to Dynkin [29]. See Breiman [8].

The proof of Lemma 2 is one encountered in the study of martin-
gales (see Doob [28], p. 300); it differs from the proof given by Dynkin.

Taylor [51, 52] has exploited the Dynkin approach in connection
with continuous time and space stopping problems.
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The optimal policy of Problem 4 follows from a general theorem
proved by Derman and Sachs [24] and also by Chow and Robbins
[10]. Breiman [8] refers to the set of conditions as the absolutely mono-
tone case. The result with proof of Problem 5 also appears in Breiman
[8]. He refers to this as the monotone case. )

Our modified primal problem in the discussion of the dual linear
programming problem is obtained by Breiman [8] by other means.
That which we denote by y, is the negative of that which Breiman calls
entrance fees for our stopping problem. These entrance fees also appear
in Problems 4 and S.

Problems

(1) Supposel = {0, 1, 2, 3}, (wg, wy, wy, w3) =(0, 1, 2, 1),

Poo Poi Po2 Pos 1000
Pio P11 Pia Pis| R B
P20 P21 P22 P23 B 13+ 30
P30 P31 P32 P33 1 ¥ 3 %

Find t that maximizes E{wy _}.
(2) If f(i),iel, is such that ) p;;f(j) =f(i),i€l, then
J
show that
for any stopping time .

(3) Suppose there are n objects with associated distinct
values vy, v,, ..., v,. We define the following selection
process: An object is selected at random. If its value is
acceptable, then the process of selection terminates
with the value of the selected object given to the
decision maker. If the value of the object is unaccept-

able, then the object is discarded and another random
selection is made from the remaining n — 1 objects.
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The selection process continues in this manner until an
object is accepted. If all » objects have been rejected
then the value received is zero. Determine a stopping
procedure that maximizes the probability of choice of
the most valuable object. Consider only stopping
procedures that do not accept an object whose value is
less than the value of one already rejected.

Solution (Dynkin [29]): Consider. the state space
I={1,2,...,n,0} with ¥, = |. Let Y, =i if the ith

_ object selected is the first to have a value greater than

the first selected; Y; = if the jth object selected is the
first object to have a value greater than that associated
with the value of the ith object selected. In general, Y,
is the number of the object selected which has value
exceeding the value of the (Y;x)th object selected;
Y, =0 when n objects have been rejected. Clearly,
pi;=0if 1 £j<i Fori<j,

I

= > Pi =1~ Pij-
jGg-1 ° j=§i:+1 !

Pij

Also, whenever Y, =i and the object is "accepted, the
probability that the object is most valuable is i/n.
Therefore, we set w; =i/n, i=1, ..., n. Let i* be

n—1
the largest integer for which 3 i/j > 1. One can verify

j=i*
that the function f(j)= max(i*/n, j/n) is a super-
regular function which dominates {w;,jel}. Also,
Y. pi;if(j) = w, for i = i*. Thus, by Theorem 5, states i
7

for which i = i* are states at which an optimal stopping
time © stops and M(i) = i/n for i = i*. Since p;; = O for
J=i

=

*
—1
M@*—1) = |-

L R i
o jnp > ;
j;iJ(J—l) n

-1
n >

Problems

Q)

(5)

hence, at state i* — 1 an optimal stopping time does
not stop. Repeating the argument successively, the same
holds for state i* — 2, ..., 1. Summarizing, T stops at
statesi*, ..., n and does not stop at states , ..., i* — 1.

Suppose E is a set of states such that p;; = 0 for every
ieE and j¢E, ) p,;w; 2w, for every i¢ E, and
j

Y. pijw; <w,; for every i€ E. Then show that an
7

optimal policy stops for all i € E, and continues for all
i¢E.
Suppose f(i) = w; — ). p;;w;, i€, is a nonincreasing
J
functionand ) p;;g(j), i € 1,is nonincreasing whenever
J

g(i), eI, is nonincreasing. Show that the optimal
policy is of the form: stop for all { = i* and continue
forall i < i* where i* is a state that must be determined.

Proof (Breiman [8]): Let
H(i) = M(i) — w,
= max{O, ; pi; M(j) — wi}
= max{O, ;pUHU) ~ f(i)}, jel,

Using Theorem 3, show that H(7) is nonincreasing from
which it will follow that H(i) =0 for all i > i* and
H(i) < 0 for i < i*,
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Some Applications

1 A Replacement Model

A common activity is the periodic inspection of some system, or one
of its components, as part of a procedure for keeping it operative. After
each inspection, an action must be taken as to whether or not to alter
the system at that time. The problem is that of determining, according
to some appropriate cost criterion, the optimal policy for taking actions.

More specifically, suppose a unit (a system, a component of a
system, a piece of operating equipment, etc.) is inspected at equally
spaced points in time and that after each inspection it is classified into
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one of L + 1 states 0, 1, ..., L. Then {Y,} is the sequence of states. A
unit is in state O if and only if it is new; a unit is in state L if and only if
it is inoperative. We assume that at states 1, ..., L — 1, there are two
possible actions: a = 1 is not to replace the unit, @ = 2 is to replace the
unit. At state O only one action is possible, not to replace. At state L
only one action is possible, to replace. Accordingly, we set q:;,(1) =pi;,
i=0,...,L,j=0,...,L with P,;=0,i=0,...,L, and p;,=1;
g0(2)=1,i=1,...,L — 1. We assume the {p;;} are such that for every
i(i=0,...,L— 1)p{p >0 for some ¢ = 1. This implies that a unit not
replaced will eventually become inoperative with probability 1.

“We assume two types of cost, the cost to replace an operative unit
and the cost to replace an inoperative unit. That is, we set

wiy =0, i=0;u L—1,
Wi =G i=1,...,L—1,
W =c+ 4,

where ¢ > 0, 4 > 0. Thus, A4 is the additional cost incurred if the unit
is allowed to become inoperative before being replaced; {W,} is the
sequence of costs.

Either the discounted expected cost criterion W.(i, «) for some given
o (0 <a < 1) or the expected average cost criterioh ¢z may be of
interest. The methods of Chapters 4 and 6 can be employed to find
optimal replacement policies, depending on which criterion is selected.

However, in practice, it is frequently desirable to use simple replace-
ment policies. For example, we speak of a control limit policy as one which
always replaces the unit whenever the observed state is iy, ip + 1, ..., L
and never replaces the unit in states 0, 1,..., i, — 1; state i, is the
control limit. We shall show under certain conditions on {p;;} that there
always exists a control limit policy that is optimal. We state

ConpiTioN A: The transition probabilities {p;;} are such that
for every nondecreasing function f(j),7 =0, ..., L, the function

L
o= % puyf()  1=0....L—1

is also nondecreasing.

» Guen gy b e ¢
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We also state

ConpITION B: The transition probabilities {p;;} are such that for
each k=0, 1, ..., L, the function

L
=Y py, 1=0..,L-1,
=

is ngx}@i@creasing.
Let us first show
Lemma 1. Conditions A and B are equivalent.

" Proof: Assume Condition A. Then, in particular, the function

N[0 J<k,
OR N

is nondecreasing. But we have

L
g(i) = ;OPU JiX6))

L
= Z bij
j=k
= rk(i)z )
and, hence, Condition B holds. Assume Condition B holds. Any non-

decreasing function f(j) can be expressed in the form
L
f() = e filld)
k=0
where ¢, 20,k =0, ..., L and f,(i) is defined above.
Then,

LORWNLO)

L
=Y pyY. & fi(j) (equation continued)
k=0
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L

Ck Z pi; D)

0 j=0

L
Ckz Dij-

0 j=k

Il
M=

k

i}

Me

k

L
Since ¢, = 0, and by hypothesis, ) p;; is nondecreasing for each k, it
j=k

follows that g(i) is nondecreasing, proving the lemma.

The significance of Lemma 1 is that Condition A-becomes a verifi-
able condition through the verification of condition B.
We now state:

TueoreM 1. If Condition A (or B) holds, then there exists a
control limit policy R(«) such that )

WY g1 @) = min W(i, ), 1=05 ooiy il
ReC

W
Proof: Let YW(i,a, N)=min ) o'EW,|Y,=1),N=0,...,L.

ReC =0
Clearly, W(i, o, 0) 1s a nondecreasing function of i. Assume ¥(i, 0, n)
is nondecreasing in i for 0 < n < N. Then since

Wi, 0 N+ 1)
L L
:min{aZpij‘P(j,oc,N), c+a) po; YO, a N, i#L
j=0 j=0
L
:c—l—A—i—aZpoj‘P(O,a,N), i=1L,
=0

from the induction hypothesis and Condition A, it follows that there
exists an [* such that

L
Y, o N+ ) =ay p;¥(,o N), i<i,
j=0

L

=c+a), Po;¥(j,a N),
j=o

L
=c+A+aZopoj‘}’(j,oc,N), i=1L.

J

*
i £i<lL,

BRI IS I
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where W(i,«, N+ 1) is a nondecreasing function of i. Therefore,
¥(i, «, N) is nondecreasing in { for N=0,1,.... From Chapter 4,

Theorem 1, we know that lim W(i, o, N) = min Wg(i, «) is also non-
Now ReC

decreasing in /. On repeating the argument using Condition A again,
the theorem follows.

Tueorem 2. If Condition A (or B) holds, then there exists a
control-limit policy R* such that

dnli) = min ¢p(i), i=0,...,L.
ReC

Proof: From Theorem 2, Chapter 3 and Corollary I to Theorem 1,
Chapter 6, we need only consider policies in Cp. By Theorem 1 for
each o (0 < o < 1) there exists a control-limit policy R(x) that minimizes
Y, o). Let {a,, v =1, 2, ...} be any sequence of discount factors such
that lim «, = 1 and R(a;) = R(x,) = --- = R*. Since there are at most

v

a finite number of different control-limit policies, such a sequence
exists. Let R be any policy in Cp. Since R* = R(«,) is optimal for «,,
we have

(1 - au) \Pﬂ(i: au) g (1 - au) \PR‘(i: O(u),
Letting v — oo and using Theorems '], Appendix A, and 1(b), Appendix

B, we obtain that
Yr(i) =lim(1 — a,)¥r(i, @)

Dindcel

v=1,2,....

> lim(1 — o)) ¥ (i, )

:\Pﬂﬁ(i), i:O,...,L.

Therefore, R* is optimal and the theorem is proved.

2 A Suryeillance-Maintenance-Replacement Model

Consider a system, in use or in storage, which is deteriorating.
Suppose that the deterioration occurs stochastically and that the con-
dition of the system is known only if it is inspected, which is costly.
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After inspection the manager of the system has two basic alternatives:
(a) to replace the system or (b) to keep it. Under the second alternative
he must decide the extent of repairs to be made and when to make the
next inspection. If inspection is put off too long the system may fail in
the interim, the consequence of which is an incurred cost which is a
function of how long the system has been inoperative.

Let us suppose that the uninspected system evolves according to a
Markov chain through the states 0, 1, ..., L. The state 0, as before
denotes a new system and L an inoperative system. Let {p;;} denote the
mattix of tramsition probabilities with p,; =1 and"p;;, > 0 for each i.
Assume that when a replacement is made an instantaneous transition
to state O takes place; when a repair is made an instantaneous transition
takes place to one of the states, 1,..., L — 1 depending on the extent
of the repairs. Replacements or repairs are only made at the time of
inspections. Assume that M < co denotes the upper bound on the
number of periods that can elapse without an inspection.

Let ¢; denote the cost of inspection when, in fact, the system is in
state i. Let r;;,i=1,...,L,j=0,..., L — 1 denote the cost to place
the system in state j after observing the system to be in state i. In par-
ticular, r;, is the cost to replace the system from state i. In addition we
let 71 (my,j» m = 1,..., M, denote the cost to place'the system in state j
from state L when prior to discovering the system in state L, the system
has been in state L for m uninspected periods. This cost represents, in
addition to the repair or replacement costs, the cost associated with
undetected failure. For a criterion, we shall be interested in minimizing
the expected average cost per unit time attributed to the surveillance-
replacement-maintenance policy.

The Markovian decision process we shall work with is the process
{Y,,A4,t=0,1,...}, Y, =0, where {Y,,r=0,1,...} is the sequence
of observed states and {4,,1=0,1,...} is the sequence of actions
taken. The state space I will consist of the states 0, 1, ..., L, L(1), ...,
L(M), where L(m), m =1, ..., M are additional states with L(m) de-
noting the fact that the system is observed to be in state L and has been
instate L for muninspected periods. At each state ie I, anaction 4, = a;,,
consists in placing the system in state j, j =0, 1, ..., L and deciding to
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skip m (m < M) time periods before observing the system again. If

the system is observed in one of the states L, L(1), ..., L(M) we assume
that g;5,/=0,..., L — 1. are the only possible actions. We have as
transition probabilities for the observed process
qu(alm) - (m+1)
for each i, j, /, and m.
Let
Z“'jmzl, lf K:l, A,=(ij,

=0, otherwise,
and

= R

Zi'mz— Zi‘ §
L T+1Eo”'"

If Jr is the average cost up to time 7 (in real time) then, for each
i,jel,

2 Z Z 2 (e + 1)
i j om

ZZZ(I‘FWZ)Z:Um"‘é
i om

JT=

”Mj uM..,

t

where #(T') is the largest value of ¢ such that the real time is less than or
equal to 7 and 6 irt some positive integer less than or equal to M. We
also have

lZ ,Z ;(Ci + rij)zt(T)ijm
ST L+ Mg + BT

m

Jr=

From the application to Theorem 5, Chapter 7 and since #(T) — oo
when 7'— oo, it is possible to select a policy R e Cs that minimizes
E lim inf Jr (or E lim sup J;) over all R € C. Since for any R € C;

T Too

1
11mZTUm—11m X aup) ZP{Y =i A=}

T-w
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with probability 1 (combine Theorems 4, Appendix A, and 5, Appendix
B), the problem can, using the methods of Chapter 6, ultimately be
put into the form: Choose {x;, }

ta)m
to minimize
.Z ; ; (ci + rip)xia),,
Zi;;(l +m)xi,,, .,

subject to
=20 forall i, j,m

and

~

Xigjm = Ek: : xk;jm qki(ajm)’

The optimal policy is obtained by putting

_ xiﬂjm
Dia;m - z Z xiﬂjm
i m
for each i and a,,.

The above problem involves minimizing a ratio of linear functions
subject to linear constraints where the lower linear form is always
positive. Any problem of this form can always be transformed to a
linear programming problem. Namely, suppose we wish

to minimize

M .
L)
Ra

Il
—

I1~=

o

&
ks

=it
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subject to

X

i

1\%

0, i=1,...,n,

n
Zainj=0, i=1,...,m,
i=1

x =1,

DM

i=1

where ) d;x; > 0 for all feasible (x,, ..., x,). Set
i=1

X;
4= i=1 n
Z d x 3 3 ? 3
i=1 £ 2 L
1
Zny1 =,
Z di X
i=1
Then we can write the linear programming problem in Zyy ey Zntn
to minimize
n
Z Cizl
i=1
subject to

Clearly a one-to-one correspondence exists between the feasible solu-
tions of the two problems.



